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© Dynamic Axioms for Hybrid Games
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Learning Objectives

Winning & Proving Hybrid Games

rigorous reasoning for adversarial dynamics
compositional reasoning from compositional semantics
modular addition of adversarial dynamics
axiomatization of dGL

analytical&semantical interaction CPS semantics
discrete+continuous+adversarial align semantics&reasoning
fixpoints operational CPS effects
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9 Semantical Considerations
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Differential Game Logic: Syntax

Definition (Hybrid game «)

a,f = x=e|?2Q| X =f(x)&Q|aUB | a;B|a*|a’

Definition (dGL Formula P)

P,Q :=e>&é|-P|PAQ|VYxP|3xP|(a)P|[x]P
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Differential Game Logic: Syntax

Discrete § Test j Differential
Gamef| Equation

Game J| Game J| Game

Definition (Hybrid game «)

a,f = x=e|?2Q| X =f(x)&Q|aUB | a;B|a*|a’

Definition (dGL Formula P)

P,Q :=e>&é|-P|PAQ|VYxP|3xP|(a)P|[x]P

[

All Some
Reals Reals
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Differential Game Logic: Syntax

Discrete § Test j Differential
Gamef| Equation

Game J| Game J| Game

Definition (Hybrid game «)
a,f = x=e|?2Q| X =f(x)&Q|aUB | a;B|a*|a’

Definition (dGL Formula P)

P,Q :=e>&é|-P|PAQ|VYxP|3xP|(a)P|[x]P
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Differential Game Logic: Syntax

Discrete § Test j Differential
Gamef| Equation

Game J| Game J| Game

Definition (Hybrid game «)
a,f = x=e|?2Q| X =f(x)&Q|aUB | a;B|a*|a’

Definition (dGL Formula P)

P,Q :=e>&é|-P|PAQ|VYxP|3xP|(a)P|[x]P

[ L1

All Some| [Angel] |Demon
Reals) |Reals} [Wins Wins
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Differential Game Logic: Syntax

Discrete § Test j Differential
Gamef| Equation

Game J| Game J| Game

Definition (Hybrid game «)
a,f = x=e|?2Q| X =f(x)&Q|aUB | a;B|a*|a’

Definition (dGL Formula P)

P,Q :=e>&|-P|PAQ|VxP|3xP|{(a)P|[x]P
[ 1 1\

“Angel has Wings ()" All Some] | Angel] |Demon
Reals] [|Reals) |Wins Wins
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Differential Game Logic: Denotational Semantics

Definition (Hybrid game ) [-]1: HG = (%) — (%))

coee(X) = {we 7 0l e x}
Sv=i(x)(X) = {(0) € Z: 9(r) € X for some ¢:[0,r] =7, ¢ = X' = f(x)}
ca(X) = [QINX
Saup(X) = Ga(X)Ugp(X)
Sa:p(X) = ca(gp(X))
Sur(X) = {ZC 7 : XUgu(Z)C Z}
Sat(X) = (sa(X0))°

Definition (dGL Formula P)
[e1 > e] = {oweY : w]el] > w]e]}

[-P1 = (IPD"
[PAQ] = [P]N[Q]
[{o)P] = ca([P])
[le]Pl = du([PI)
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Consistency & Determinacy & Monotonicity

Theorem (Consistency & determinacy)
Hybrid games are consistent and determined, i.e., F —{a)—P > [a]P.

Lemma (Monotonicity)
Ga(X) Cga(Y) and 8¢ (X) C 6a(Y) forall X C Y
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Consistency & Determinacy & Monotonicity

Theorem (Consistency & determinacy)
Hybrid games are consistent and determined, i.e., F —{a)—P > [a]P.

Determined: At least one player wins: —(ot)=~P — [at] P so (ot)=~PV [ct] P
Consistent: At most one player wins: [o]P — —(a)—=P so =([o] PA{¢ct)—P)

Lemma (Monotonicity)
Ga(X) Cga(Y) and 8¢ (X) C 6a(Y) forall X C Y
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Consistency & Determinacy & Monotonicity

Theorem (Consistency & determinacy)
Hybrid games are consistent and determined, i.e., F —{a)—P > [a]P.

Proof Sketch.
Gauﬁ(XE)C = (6a(X®) Ugs(XE))E = cu(XE)E N gp(XB)E = 8, (X) N S5(X) =
aUﬁ (X) O

Lemma (Monotonicity)
Ga(X) Cga(Y) and 8¢ (X) C 6a(Y) forall X C Y

Proof Sketch.

@ XC Ys0Xt D Ylsogu(XP) D cu(YP) so
6as(X) = (6a(X))E € (u(YE))E = Gua(Y).
o S (X)=M{ZC7: XuUg(2)CZ} C
ga*(Y) M{ZC.”: YUgGu(Z) C Z} because X C Y
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Consistency & Determinacy & Monotonicity

Theorem (Consistency & determinacy)
Hybrid games are consistent and determined, i.e., F —{a)—P > [a]P.

Lemma (Monotonicity)
Ga(X) Cga(Y) and 8¢ (X) C 6a(Y) forall X C Y
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Consistency & Determinacy & Monotonicity

Theorem (Consistency & determinacy)
Hybrid games are consistent and determined, i.e., F —{a)—P > [a]P.

Corollary (Axiom: Determinacy)
[] [a]P & ~{a)-P

Lemma (Monotonicity)
Ga(X) Cga(Y) and 8¢ (X) C 6a(Y) forall X C Y

Corollary (Rule: Monotonicity)

P—Q P—Q
@wps@a M GPSTae
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© Dynamic Axioms for Hybrid Games
@ Assignments
@ Differential Equations
@ Challenge Games
@ Choice Games
@ Sequential Games
@ Dual Games
@ Example Proof: Demon’s Choice
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Hybrid Game Axioms

Axiom (Assignment)

(=) (x:=e)p(x) &

Sx=e(X)
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Hybrid Game Axioms

Axiom (Assignment)

(=) (x:=e)p(x) <> p(e)

Sx=e(X)
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Hybrid Game Axioms

Axiom (Differential Equation)

() (X' =1(x))p(x) & (' (t) =1(y))

Sx/=f(x) (X)
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Hybrid Game Axioms

Axiom (Differential Equation)

() (X' =1(x)p(x) ¢ Ft=0(x:=y(t))p(x) (' (t) =1(¥))

Sx/=f(x) (X)
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Hybrid Game Axioms

Axiom (Test / Challenge)
(7 Q)P+

Ga(X)
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Hybrid Game Axioms

Axiom (Test / Challenge)
(7 Q)P+ QAP

Ga(X)
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Hybrid Game Axioms

Axiom (Choice Game)
(U) (aUB)P +
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Hybrid Game Axioms

Axiom (Choice Game)
(U) (@UB)P < ()PV (B)P
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Hybrid Game Axioms

Axiom (Sequential Game)

(i) ()P«

So;8 (X)
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Hybrid Game Axioms

Axiom (Sequential Game)

() (o B)P < (@) (B)P

So;8 (X)
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Hybrid Game Axioms

Axiom (Dual Game)
(%) (a%)P &
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Hybrid Game Axioms

Axiom (Dual Game)
(%) (a%)P & ~(a)=P
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Example: Demon’s Choice Derives by Duality

F{anB)P <«
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Example: Demon’s Choice Derives by Duality

F{anB)P <« (a)PN{B)P
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Example: Demon’s Choice Derives by Duality

anp = (adupd)d

T ((@BUBY)HP 5 ()P A (B)P
F{anB)P <« (a)PN{B)P
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Example: Demon’s Choice Derives by Duality

(%) (a)P < =(a)=P

YE =(afUBYY P & (a)PA(B)P
V(@ UBY)P o (@)P A (B)P
F{anB)P <« (a)PN{B)P
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Example: Demon’s Choice Derives by Duality

(U) (@UB)P < ()P V (B)P

E S(af) =PV (BY=P) ¢ ()P A (B)P
W ~(a@UBY)—P < () PA(B)P
F (@ UBY)HP o ()P A (B)P
F{anB)P < ()P A (B)P
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Example: Demon’s Choice Derives by Duality

(%) (a)P < =(a)=P

—(=(a)==PV (B
—((a®)=PV (B%)~
—(adUBY =P < (a)PA(B)P
((adUBh)NP < () PA(B)P
(@nB)P < (a)PA(B)P

)==P) < () PA(B)P
: P) <> ()P A (B)P

|_
s
(>|_
|_
|_

)
)
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Example: Demon’s Choice Derives by Duality

{@)PA(B)P < ()PN(B)P
=(={a&)==PV~(B)==P) < (a)PA (B)P
( (@)

|_

- )~
Tk -P) &
Y S(adUBN-P < ()P
s

|_

" ((ef) PV (BY) PA(B)P
A(B)P
(a?UB))P & (@)P A (B)P
<

(anNP)P <+ (a)PN{(B)P
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Example: Demon’s Choice Derives by Duality

{@)PA(B)P < ()PN(B)P
=(={a)==PV~(B)==P) < (a)PA (B)P
( (@)

|_
|_
- ((@)-PV (B°) PA(B)P
|_
|_
|_

)™
“) P)

d
(L)
(@)

~(a?UBY) P < () PA(B)P
(2 UB))P < (a)P A (B)P
(anp)P < (a)PA(B)P
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Example: Demon’s Choice Derives by Duality

{@)PA(B)P < ()PN(B)P
=(={a)==PV~(B)==P) < (a)PA (B)P
( (@)

|_
|_
- ((@)-PV (B°) PA(B)P
|_
|_
|_

)™
“) P)

d
(L)
(@)

~(a?UBY) P < () PA(B)P
(2 UB))P < (a)P A (B)P
(anp)P < (a)PA(B)P

Derived axiom:
(M) (@nP)P < (a)PA(B)P
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Example: Demon’s Choice Derives by Duality

U FlanBlP
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Example: Demon’s Choice Derives by Duality

U lanBlP & [a]PV[B]P
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Example: Demon’s Choice Derives by Duality

[] [a]P & ~{a)-P

SN B)-P & [a]PV[B]P
U F lanBlP « [a]PV[B]P
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Example: Demon’s Choice Derives by Duality

(M) (@np)P < ()P (B)P

F=({a)=PA(B)—P) < [a] PV [B]P
" S(anB)-P & [a]PV[B]P
U lanBlP & [a]PV[B]P
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Example: Demon’s Choice Derives by Duality

" E~{@)=PV~(B)-P ¢ [a]PV [B]P
F ()P A(B)~P) <> [a]PV [B]P

e =(anB)-P - [a]PV [B]P

U H [anBlP < [a]PV [B]P
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Example: Demon’s Choice Derives by Duality

[] [a]P & ~{a)-P

F[o]PV[B]P < [a]PV [B]P
" E~{@)=PV~(B)-P ¢ [a]PV [B]P
F ()P A(B)=P) <> [a] PV [B]P
e =(anB)-P - [a]PV [B]P
U H [anBlP < [a]PV [B]P
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Example: Demon’s Choice Derives by Duality

F[o]PV[B]P < [a]PV [B]P
" E~{@)=PV~(B)-P ¢ [a]PV [B]P
F () =P A(B)=P) <> [a] PV [B]P
e =(anB)-P ¢« [a]PV [B]P
U H[anBlP < [a]PV[B]P
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Example: Demon’s Choice Derives by Duality

F[o]PV[B]P < [a]PV [B]P
" E~{@)=PV~(B)-P ¢ [a]PV [B]P
F () =P A(B)=P) <> [a] PV [B]P
e =(anB)-P ¢« [a]PV [B]P
U H[anBlP < [a]PV[B]P

Derived axioms:
[N} [anBIP < [a] PV [B]P

(M) (N p)P < ()P (B)P
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Differential Game Logic: Axiomatization

[] [a]P & ~(o)=P
(=) (x:=e)p(x) < p(e)

X' = 1(x))p(x) € 320 (x:= y(£))p(x)
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© Repetitions
@ Proofs for Loops
@ Example Proof: Dual Filibuster
@ Example Proof: Push-around Cart
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Semantics of Repetition

Definition (Hybrid game «)
Gar(X)=H{ZC Y : XUgu(Z) =2}

Sa(X) -

André Platzer (CMU) LFCPS/16 18/28
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Proofs for Loops

Definition (Hybrid game «)
Gar(X)=M{Z <Y : XUcgu(Z) C Z}
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Proofs for Loops

Definition (Hybrid game «)
(X)) ={Z S : XUgu(Z)C Z} ot (X) = XU Ga(Sas (X))
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Proofs for Loops

Definition (Hybrid game «)

Sor(X)=M{ZC ¥ : XUgu(Z) S Z} Sor (X) = XU Ga(Gar (X))
Lemma (Axiom: )
(") (a")P &
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Proofs for Loops

Definition (Hybrid game «)

Gar(X)=M{Z <Y : XUcgu(Z) C Z} Sa+ (X) = XU Ga(Ga+ (X))

Lemma (Axiom: lteration)
(") (@")P < PV{a)(a )P
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Proofs for Loops

Definition (Hybrid game «)

Gar(X)=M{Z <Y : XUcgu(Z) C Z} Sa+ (X) = XU Ga(Ga+ (X))

Lemma (Axiom: lteration)
(") (@")P < PV{a)(a )P

Lemma (Rule:

FP

@G
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Proofs for Loops

Definition (Hybrid game «)

Gar(X)=M{Z <Y : XUcgu(Z) C Z} Sa+ (X) = XU Ga(Ga+ (X))

Lemma (Axiom: lteration)
(") (@")P < PV{a)(a )P

Lemma (Rule: Least Fixpoint)

PV{)Q— Q
@Poa
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Proofs for Loops

Definition (Hybrid game «)
(X)) ={Z S : XUgu(Z)C Z} ot (X) = XU Ga(Sas (X))

Lemma (Axiom: lteration)
(") (@")P < PV{a)(a )P

Lemma (Rule: Least Fixpoint)
PV{(a)Q— Q

P avpsa

Corollary (Derived Rule: )

/ —
P PSS [a*]P
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Proofs for Loops

Definition (Hybrid game «)
(X)) ={Z S : XUgu(Z)C Z} ot (X) = XU Ga(Sas (X))

Lemma (Axiom: lteration)
(") (@")P < PV{a)(a )P

Lemma (Rule: Least Fixpoint)
PV{(a)Q— Q

P avpsa

Corollary (Derived Rule: Loop Invariant)
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Proofs for Loops

s (X)=N{ZC.7: XUga(Z) C 2} 6o (X) = X Ua(gar (X)),

r

(a*)P < PV {a)(a*)P

PV{a)Q— Q =P —[a]P
<OC*>P—>Q I—P—)P/\[OC]P

P~ PA-(a)-P
F-PV{0)-P— -P [

o F (OC*>—\P — P |
FP——(a*)-P

TP [ar]P

P — [a]P
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Differential Game Logic: Axiomatization

P—Q

[] [a]P 4> =(a)=P R
(=) (x:=e)p(x) < p(e) PV(@)Q—Q

) (x' = £(x))p(x) > =0 (x = y(t))p(x) ()P —Q
(7) Q)P+ QAP

(U) (aUB)P = ()P V(B)P

(i) (o B)P < () (B)P

() (a")P < PV {a)(a*)P

(@) (a®)P > ~{a)-P
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Example Proof: Dual Filibuster

[] x=0F[x:=0Nx:=1]x=0
“x=0F[(x:=0Nx:=1)" ]x—
<d>x_0|— (x:=0Ux:=1))x =
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Example Proof: Dual Filibuster

“x=0F —(x:=0Nx:=1)-x=0
[]x—Ol—[x—Oﬂx—1]x—
“x=0F[(x:=0Nx:=1)"]x=0
<>x—OI—((x.—OUX.:1)) =0
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Example Proof: Dual Filibuster

Yx=0F (x:=0Ux:=1)x=0
“x=0F —(x:=0Nx:=1)-x=
[]x—Ol—[x—Oﬂx—1]x
“x=0F[(x:=0Nx:=1)"]x=
O x =0k (x:=0Ux:=1)")x =
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Example Proof: Dual Filibuster

X =0F (x:=0)x=0V (x:=1)x
<U>x=0|—(x:=OUx:=1>x 0
“x=0F —(x:=0Nx:=1)-x
[]x OF [x:=0Nx:=1]x=
x—OI—[(x—Oﬂx—1)]x
<>X—0|—((X.:0UX.—1)X> =

0
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Example Proof: Dual Filibuster

R

x=0F0=0V1=0
X =0F (x:=0)x=0V (x:=1)x
<U>x=0|—(x:=OUx:=1>x 0
“x=0F —(x:=0Nx:=1)-x
[]x OF [x:=0Nx:=1]x=
x—OI—[(x—Oﬂx—1)]x
<>X—0|—((X.:0UX.—1)X> =

0
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Example Proof: Dual Filibuster

ES
x=0F0=0V1=0
X =0F (x:=0)x=0V (x:=1)x
<U>x=0|—(x:=OUx:=1>x 0
“x=0F —(x:=0Nx:=1)-x
[]x OF [x:=0Nx:=1]x=
x—OI—[(x—Oﬂx—1)]x
<>X—0|—((X.:0UX.—1)X> =

R

0

André Platzer (CMU)

LFCPS/16 21/28


http://lfcps.org/andre.html
http://web.keymaeraX.org/show/games/dual-filibuster.kya
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_16
http://lfcps.org/lfcps/

Example Proof: Push-around Cart

d a
D —

v

" UR((d:=1nd:=—1);(a:=1Ua:=—1); {xX'=v,V=a+d}) x>0
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Example Proof: Push-around Cart

UR(di=1nd:i=—1);(a:=1Ua:=—1);{xX = v,V = a+ d}]J
" UR((d:=1nd:=—1);(a:=1Ua:=—1); {xX'=v,V=a+d}) x>0
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Example Proof: Push-around Cart

Tk ld=1nd:==1][(a=1Uai=—1);{x = v,V =a+d}]J
U (di=1nd:=—1);(ai=1Ua:=—1);{x' = v,V = a+d}]J
" UR((d:=1nd:=—1);(a:=1Ua:=—1); {xX'=v,V=a+d}) x>0
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Example Proof: Push-around Cart

R R d=1][(a:=10a:=—1);{xX' = v,V =a+d}]JV[d:=—1]...
Uk [di=1nd:=—1][(a:=10ai=—1);{xX' = v,V = a+d}}J

Uk (di=1nd:i=—1);(a:=1Ua:=—1); {xX = v,V = a+ d}]J
" UR((d:=1nd:=—1);(a:=1Ua:=—1); {xX'=v,V=a+d}) x>0
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Example Proof: Push-around Cart

Uk [d=1][(a=1Uai=—1){xX = v,V =a+d}lJ

VR R d=1][(a:=10a:=—1);{X = v,V =a+d}]JV[d:=—1]...
Uk [di=1nd:=—1][(a:=10ai=—1);{xX' = v,V = a+d}}J
UR(di=1nd:i=—1);(a:=1Ua:=—1);{xX = v,V = a+ d}]J
" UR((d:=1nd:=—1);(a:=1Ua:=—1); {xX'=v,V=a+d}) x>0
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Example Proof: Push-around Cart

T Uk (a=1va=—1);{¥ =v,V =a+1}]J

Uk [d=1][(a=1Uai=—1){xX = v,V =a+d}lJ
R R d=1][(a:=10a:=—1);{xX = v,V =a+d}]JV[d:=—1]...
Uk [di=1nd:=—1][(a:=10ai=—1);{xX' = v,V = a+d}}J

Uk (di=1nd:i=—1);(a:=1Ua:=—1);{xX = v,V = a+ d}]J
" UR((d:=1nd:=—1);(a:=1Ua:=—1); {xX'=v,V=a+d}) x>0
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Example Proof: Push-around Cart

Yk la=1va=[{xX = v,V =a+1}]J

T uk(a=1va=—1);{¥ =v,V =a+ 1}y

Uk [d=1[(a=1Uai=—1){xX = v,V =a+d}lJ
R R d=1][(a:=10a:=—1);{xX' = v,V =a+d}]JV[d:=—1]...
Uk [di=1nd:=—1][(a:=10ai=—1);{xX' = v,V = a+d}}J

Uk (di=1nd:i=—1);(a:=1Ua:=—1); {xX = v,V = a+ d}]J
" UR((d:=1nd:=—1);(a:=1Ua:=—1); {xX'=v,V=a+d}) x>0

André Platzer (CMU) LFCPS/16 22/28


http://lfcps.org/andre.html
http://web.keymaeraX.org/show/games/pusharound-cart.kya
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_16
http://lfcps.org/lfcps/

Example Proof: Push-around Cart

Uk [a=1[{XY = v,V =a+ }Un[a=[{xX = v,V = a+ 1}l
Yk la=1va=[{xX = v,V =a+1}]J

T uk(a=1va=—1);{¥ =v,V =a+ 1}y

Uk [d=1[(a=1Uai=—1){xX = v,V =a+d}lJ
R R d=1][(a:=10a:=—1);{xX' = v,V =a+d}]JV[d:=—1]...
Uk [di=1nd:=—1][(a:=10ai=—1);{xX' = v,V = a+d}}J

Uk (di=1nd:i=—1);(a:=1Ua:=—1); {xX = v,V = a+ d}]J
" UR((d:=1nd:=—1);(a:=1Ua:=—1); {xX'=v,V=a+d}) x>0
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Example Proof: Push-around Cart
JEH{X =v,V =14+1}JUA[{X =v,V = —14+1}]J

Uk a1l = v,V =a+ 1}JJA[a=[{X¥ = v,V = a+ 1}
YUk la=1ua=—1[{xX =v,V =a+1}]J

Uk (a=1ua=—1){x=v,vV =a+1}]J

LUk [d=1](a=1uai=—1);{xX = v,V = a+d}]J
R R d=1][(a:=10a:=—1);{xX' = v,V =a+d}]JV[d:=—1]...
T Uk di=1nd:=—1][(ai=1Uai=—1):{xX = v,V = a+ d}]J

Uk (di=1nd:i=—1);(a:=1Ua:=—1); {xX = v,V = a+ d}]J

" UR((d:=1nd:=—1);(a:=1Ua:=—1); {xX'=v,V=a+d}) x>0
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Example Proof: Push-around Cart
JEH{X =v,V =14+1}JUA[{X =v,V = —14+1}]J

Uk a1l = v,V =a+ 1}JJA[a=[{X¥ = v,V = a+ 1}
YUk la=1ua=—1[{xX =v,V =a+1}]J

Uk (a=1ua=—1){x=v,vV =a+1}]J

LUk [d=1](a=1uai=—1);{xX = v,V = a+d}]J
R R d=1][(a:=10a:=—1);{xX' = v,V =a+d}]JV[d:=—1]...
T Uk di=1nd:=—1][(ai=1Uai=—1):{xX = v,V = a+ d}]J

Uk (di=1nd:i=—1);(a:=1Ua:=—1); {xX = v,V = a+ d}]J

" UR((d:=1nd:=—1);(a:=1Ua:=—1); {xX'=v,V=a+d}) x>0

JE x>0nv>0
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Example Proof: Push-around Cart
JEH{X =v,V =14+1}JUA[{X =v,V = —14+1}]J

Uk a1l = v,V =a+ 1}JJA[a=[{X¥ = v,V = a+ 1}
YUk la=1ua=—1[{xX =v,V =a+1}]J

Uk (a=1ua=—1){x=v,vV =a+1}]J

LUk [d=1](a=1uai=—1);{xX = v,V = a+d}]J
R R d=1][(a:=10a:=—1);{xX' = v,V =a+d}]JV[d:=—1]...
T Uk di=1nd:=—1][(ai=1Uai=—1):{xX = v,V = a+ d}]J

Uk (di=1nd:i=—1);(a:=1Ua:=—1); {xX = v,V = a+ d}]J

" UR((d:=1nd:=—1);(a:=1Ua:=—1); {xX'=v,V=a+d}) x>0

x>0 Av>0F V>0 (x+vit+12>0 A v+2t>0)
JEF{X =v,vV =141}]J

JE x>0nv>0 =

x>0Av>0F Vt>0(x+vt>0A v>0)
JE[{X =v,v =0}]J

(1=
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Example Proof: WALL-E and EVE Robot Dance

@
U: 1D planet
e
f g
(w—eP<1Av=Ff—
(((u:==1Nu=-1);
(g:=1Ug:=-1);
t:=0;
W=vv=uée=Fff=g1¢=1&t<1}¢
)Y (w—e)? <1
EVE at e plays Angel’s part controlling g
WALL-E at w plays Demon’s part controlling u

WV

u
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6 Axiomatization
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Differential Game Logic: Axiomatization

P—Q

[] [a]P 4> =(a)=P R
(=) (x:=e)p(x) < p(e) PV(@)Q—Q

) (x' = £(x))p(x) > =0 (x = y(t))p(x) ()P —Q
(7) Q)P+ QAP

(U) (aUB)P = ()P V(B)P

(i) (o B)P < () (B)P

() (a")P < PV {a)(a*)P

(@) (a®)P > ~{a)-P
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X' =f(x)&Q x'=1(x);?(Q)
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Angel plays forward
revert flow,

Demon checks Q
backwards
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X =f(x)&Q=ty:=x0;X =f(x);(z:=x;2 = —

X

Angel plays forward
revert flow, time xp;
Demon checks Q
backwards till xq
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“There and Back Again” Game

X =f(x)&Q=thy:=x0;x = f(x); (z:=x;2 = —1(2))%; 220>ty — Q(2))

i

Angel plays forward
revert flow, time xp;
Demon checks Q
backwards till xq

lo:=Xp r

Evolution domains definable by games I
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@ Summary
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Differential Game Logic: Denotational Semantics

Definition (Hybrid game ) [-]1: HG = (%) — (%))

coee(X) = {we 7 0l e x}
Sv=i(x)(X) = {(0) € Z: 9(r) € X for some ¢:[0,r] =7, ¢ = X' = f(x)}
ca(X) = [QINX
Saup(X) = Ga(X)Ugp(X)
Sa:p(X) = ca(gp(X))
Sur(X) = {ZC 7 : XUgu(Z)C Z}
Sat(X) = (sa(X0))°

Definition (dGL Formula P)
[e1 > e] = {oweY : w]el] > w]e]}

[-P1 = (IPD"
[PAQ] = [P]N[Q]
[{o)P] = ca([P])
[le]Pl = du([PI)
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Differential Game Logic: Axiomatization

P—Q

[] [a]P 4> =(a)=P R
(=) (x:=e)p(x) < p(e) PV(@)Q—Q

) (x' = £(x))p(x) > =0 (x = y(t))p(x) ()P —Q
(7) Q)P+ QAP

(U) (aUB)P = ()P V(B)P

(i) (o B)P < () (B)P

() (a")P < PV {a)(a*)P

(@) (a®)P > ~{a)-P
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differential game logic \>D<,
(a)p <
dGL = GL+HG =dL +¢ NN,
=

@ Axiomatics for hybrid games

@ Proving winning strategies
Next chapter
@ Soundness
@ Proofs
© Separations
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