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@ Leaming Objectives
e Recap: Proofs for Differential Equations

© A Gradual Introduction to Ghost Variables
@ Discrete Ghosts
@ Proving Bouncing Balls with Sneaky Solutions
@ Differential Ghosts of Time
@ Constructing Differential Ghosts

@ Differential Ghosts
@ Substitute Ghosts
@ Solvable Ghosts
@ Limit Velocity of an Aerodynamic Ball

6 Summary
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@ Learning Objectives
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Learning Objectives

Ghosts & Differential Ghosts
rigorous reasoning about ODEs
extra dimensions for extra invariants
invent dark energy
intuition for differential invariants
states and proofs
verify CPS models at scale

none: ghosts are for proofs! relations of state
extra ghost state
CPS semantics
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Learning Objectives

Ghosts & Differential Ghosts
rigorous reasoning about ODEs
extra dimensions for extra invariants
invent dark energy
intuition for differential invariants
states and proofs
verify CPS models at scale

mark ghosts in models relations of state
syntax of models extra ghost state
solutions of ODEs CPS semantics
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e Recap: Proofs for Differential Equations
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Differential Invariants for Differential Equations

Differential Weakening

QrF
Pt [x' =f(x)&Q|F

QF [x':=f(x)](F)
Ft[x' =f(x)&Q|F

Ft[xX'=f(x)&Q|C F+ [xX' = f(x)& QA C]F
FE[x =f(x)&Q]F
DW [x" = f(x)& Q|F + [x' = f(x) & Q](Q — F)
DI [x' = f(x)&Q]F + (Q — FA[X = f(x)&Q](F)')
DC ([x' = f(x)&QJF + [x' = f(x) & QA C]F) + [x' = f(x)&Q]C
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Differential Invariants for Differential Equations

Differential Weakening

QrF
Pt [x' =f(x)&Q|F

QF [x':=f(x)](F)
Ft[x' =f(x)&Q|F

FE[X =1f(x)&Q|C F+ [x =f(x)&QAC]F
FE[x =f(x)&Q]F
DW [x' = f(x)& Q|F < [x' = f(x) & Q](Q — F)
DI [x' = f(x)&Q]F + (Q — FA[X = f(x)&Q](F)')
DC ([x' = f(x)&QJF + [x' = f(x) & QA C]F) + [x' = f(x)&Q]C
DE [x' = f(x)&Q]F +» [x' = f(x) & Q][x":=f(x)]F
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© A Gradual Introduction to Ghost Variables
@ Discrete Ghosts
@ Proving Bouncing Balls with Sneaky Solutions
@ Differential Ghosts of Time
@ Constructing Differential Ghosts
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Discrete Ghosts

M [y:=elp, A
a y:=elp

rpa VW

—R

Fxy—1=0—=[xX=x,y=—ylxy =1
Clou: Ask a ghost to remember some auxiliary state for the proof.
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Discrete Ghosts

 TEy:=elp.A
iG W (y neW)

G xy—1=0F[x'=x,y =—ylxy =1

Fxy—1=0—=[xX=x,y=—ylxy =1
Clou: Ask a ghost to remember some auxiliary state for the proof.

—R
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Discrete Ghosts

_TFly:=elp,A
iG W (y neW)

'discrete ghost ¢ remembers function of old state'

(=1 xy—1=0F[ci=xy][xX =x,y = —ylxy =1

@ xy—1=0F[x'=x,y =—ylxy =1
Fxy—1=0—=[xX=x,y =—ylxy =1
Clou: Ask a ghost to remember some auxiliary state for the proof.

—R
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Discrete Ghosts

M-[y:=elp,A

iG o (y new) p < [y:=elpby [:=]

oy Dy=er p(y), A
T TR [x=elp(x), A

Wixy—1=0,c=xyt[xX=x,y =—ylxy =1
(=1 xy—1=0F[c:=xy][xX =x,y = —y]xy =1

G xy—1=0F[x"=x,y =—ylxy =1
Fxy—1=0—=[xX=x,y=—y]xy =1
Clou: Ask a ghost to remember some auxiliary state for the proof.

—R
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Discrete Ghosts

 TEy:=elp.A

iG YN (y new) p < [y:=elpby [:=]
_ My=etpy).A,
= T =elpt.a” "
d xy—1=0,c=xyk [xX =x,y =—ylc=xy >

Wixy—1=0,c=xyt[¥X =x,y =—ylxy =1
(=1 xy—1=0F[c:=xy][xX =x,y' = —y]xy =1

G xy—1=0F[x"=x,y =—ylxy =1
Fxy—1=0—=[xX=x,y=—y]xy =1
Clou: Ask a ghost to remember some auxiliary state for the proof.

—R
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Discrete Ghosts

 TEy:=elp.A _ _
iG YN (¥ new) p <> ly:=elpby [:=]

. Ty=ebFpy),A
= o= ap0.a” "

)

. F X=Xy =—y]0 = Xy 4 xy!
d xy—1=0,c=xyk [xX =x,y =—ylc=xy >
Txy—1=0,c=xyF[X=x,y = —y]xy =1
[=1- xy—1=0F[c:=xy][xX =x,y' = —y]xy =1
@ xy—1=0F[x'=x,y =—ylxy =1
Fxy—1=0—=[xX=x,y =—y]xy =1
Clou: Ask a ghost to remember some auxiliary state for the proof.

—R
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Discrete Ghosts

 TEy:=elp.A _ _
iG YN (¥ new) p <> ly:=elpby [:=]

. Ty=ebFpy),A
= o= ap0.a” "

)

& FO0=xy+x(—y)
- F X =AY =—y]0 = Xy + xy/
d xy—1=0,c=xyk [x =x,y =—ylc=xy >

"xy—1=0,c=xyF[X=x,y = —y]xy =1
[=1- xy—1=0F[c:=xy][xX =x,y' = —y]xy =1

G xy—1=0F[x'=x,y =—ylxy =1

o Fxy—1=0—=[x=x,y =—y]xy =1
Clou: Ask a ghost to remember some auxiliary state for the proof.
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Discrete Ghosts

 TEy:=elp.A _ _
iG YN (¥ new) p <> ly:=elpby [:=]

. Ty=ebFpy),A
= o= ap0.a” "

)

*

& FO0=xy+x(—y)
- F X =AY =—y]0 = Xy + xy’
d xy—1=0,c=xyk [x =x,y =—ylc=xy >

"xy—1=0,c=xyF[X=x,y = —y]xy =1
[=1- xy—1=0F[c:=xy][xX =x,y' = —y]xy =1

G xy—1=0F[x'=x,y =—ylxy =1

o Fxy—1=0—=[x=x,y =—y]xy =1
Clou: Ask a ghost to remember some auxiliary state for the proof.
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Quantum’s Back for a Differential Invariant Proof

*

Rx>0 F2gv =—2v(—g) _ *
B = ]x>0 F [x:=v][v:=—g]2gx’ = —2vV' " 'dm
2gx=2gH—Vv? |- [x"=—g& x>0]2gx=2gH—Vv?> = F [x"=—g& x>0]x>0
2gx=2gH—Vv? I [x"" = —g& x>0](2gx=2gH—Vv? A x>0)

(A

No solutions but still a proof.
Simple proof with simple arithmetic.
Independent proofs for independent questions.
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Quantum’s Back for a Differential Invariant Proof

*

Rx>0 F2gv =—2v(—g) _ *
i = ]x>0 F [x:=v][v:=—g]2gx’ = —2vV' " 'dm
2gx=2gH—Vv? |- [x"=—g& x>0]2gx=2gH—Vv?> = F [x"=—g& x>0]x>0
2gx=2gH—Vv? I [x"" = —g& x>0](2gx=2gH—Vv? A x>0)

(A

No solutions but still a proof.

Simple proof with simple arithmetic.
Independent proofs for independent questions.
But need to have the right invariant.
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Quantum’s Back for a Solution Proof w/o Solution Axiom

Ak X" = —g&x > 0]B(x.v)
A=0<xAx=HAv=0Ag>0A1>c>0
Bxvy=0<xAx<H

"

X'=—-g={x=v,vV =-g}

TAVN
André Platzer (CMU) LFCPS/12 8/22
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Quantum’s Back for a Solution Proof w/o Solution Axiom

Solution:
x =
AR X" = —g&x > 0]B(x,v)
A=
Bx,v) =
X'=—-g={x=v,vV =-g}
o
\

TAVN
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Quantum’s Back for a Solution Proof w/o Solution Axiom

Solution:

— 2
x(t)=x+vt—Jt

v(t)=v—gt
AR X" = —g&x > 0]B(x,v)
A = redacted

B(x,v) = redacted

1"

X'=—-g={x=v,vV =-g}

TAVN
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Quantum’s Back for a Solution Proof w/o Solution Axiom

Solution: How to use a solution without really trying solution axiom [']

— 2
x(t)=x+vt—Jt

v(t)=v—gt
AR X" = —g&x > 0]B(x,v)
A = redacted

B(x,v) = redacted

1"

X'=—-g={x=v,vV =-g}

JAVN
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Quantum’s Back for a Solution Proof w/o Solution Axiom

Solution: How to use a solution without really trying solution axiom [']

x(t)=x+vt—Z#  solution of ODE invariant along ODE
N(t)=v—gt
Can't just say x(t) AF [ = —g&x > 0]Bxy)

A = redacted

B(x,v) = redacted

1"

X'=—-g={x=v,vV =-g}
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Quantum’s Back for a Solution Proof w/o Solution Axiom

Solution: How to use a solution without really trying solution axiom [']

x =x+vt—IF

v =v-—gt

AR X" = —g&x > 0]B(x,v)
A = redacted
B(x,v) = redacted

1"

X'=—-g={x=v,vV =-g}
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Quantum’s Back for a Solution Proof w/o Solution Axiom

Solution: How to use a solution without really trying solution axiom [']

X =Xo+ Vvol— gtz
v =vy—gt initial velocity vy before ODE

AR X" = —g&x > 0]B(x,v)
A = redacted
B(x,v) = redacted

1"

X'=—-g={x=v,vV =-g}
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Quantum’s Back for a Solution Proof w/o Solution Axiom

Solution: How to use a solution without really trying solution axiom [']

X =Xo+ Vvol— gtz
v =vy—gt initial velocity vy before ODE How?

AR X" = —g&x > 0]B(x,v)
A = redacted
B(x,v) = redacted

1"

X'=—-g={x=v,vV =-g}
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Proving Bouncing Balls with Sneaky Solutions

G AF X" =—g,t =1&x > 0]B(x.v)
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Proving Bouncing Balls with Sneaky Solutions

ij Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)
G AF X" =—g,t =1&x > 0]B(x.v)
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Proving Bouncing Balls with Sneaky Solutions

d At [vo:=V][X'=—g,t/=1&x>0]v =vy — tg
. 4 Al [vo:=V][X' = —g, =1&x>0AV =1y — 1g]B(x,v)
ij Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)
G AF X" =—g,t =1&x > 0]B(x.v)
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Proving Bouncing Balls with Sneaky Solutions

[::JX >0+ [V/Zz—g][tlizﬂvl = —tlg

d Al [vo:=V][X'=—g,t/=1&x>0lv=vy— tg
Gy Al [vo:=V][X' = —g, =1&x>0AVv = vy —g]B(x,v)
ij Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)
G AF X" =—g,t =1&x > 0]B(x.v)
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Proving Bouncing Balls with Sneaky Solutions

szol——g:—1g

[::JX >0+ [V/Zz—g][tlizﬂvl = —tlg
d At [vo:=V][X'=—g,t/=1&x>0lv=vy— tg

Gy Al [vo:=V][X' = —g, =1&x>0AVv = vy —g]B(x,v)
fjo Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)
G AF X" =—g,t =1&x > 0]B(x.v)
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Proving Bouncing Balls with Sneaky Solutions

*
x>0F—-g=—1g

[::JX >0+ [V/Zz—g][tlizﬂvl = —tlg

d Al [vo:=V][X'=—g,t/=1&x>0lv=vy — tg

R

Gy Al [vo:=V][X' = —g, =1&x>0AVv = vy —g]B(x,v)
fjo Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)
G AF X" =—g,t =1&x > 0]B(x.v)
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Proving Bouncing Balls with Sneaky Solutions

*

x>0F—-g=—1g

[::JX >0+ [V/Zz—g][tlizﬂvl = —tlg

d Al [vo:=V][X'=—g,t/=1&x>0lv=vy — tg

R

AF [xo:=x][w:=V][x" = —g,t' =1&x>0Av=vy—1g] B(x.v)

q Al [vo:=V][X' = —g, =1&x>0AVv=vy—1g]B(x,v)

Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)

Ak [X'=—g,t =1&x > 0]B(x,v)
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Proving Bouncing Balls with Sneaky Solutions

AF [xo:=xX][vo:=V][x" = =g, =1&X > 0AV = vo—tg A x = xo+Vol—J 2] B(x.v)

Al [xo:=X][vo:=V][x"=—g,t'=1 &x20/\v:v0—tg]x:xo+vot—%t2l!
AF [xo:=x][vo:=V][x" = —g,t' =1&x>0Av=vy—1g]B(x.v)
Q Al [vo:=V][X' = —g, =1&x>0AVv=vy—1g]B(x,v)
Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)
A X' =—g,t =1&x > 0]B(x,v)

André Platzer (CMU) LFCPS/12 9/22


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_12
http://lfcps.org/lfcps/

Proving

Bouncing Balls with Sneaky Solutions

AF [xo:=xX][vo:=V][x" = —g,t =1&X > 0AV = vo—tg A x = xo+Vot— 5 2] B(x.v)

[::szo/\vzvo—tg F X =v][ =1 = vt — 28t

d A [xo:=xX][vo :=V][X"=—g, =1&Xx>0Av=vy—tg]x=xo+ ot — L * >
@ AF [xo:=x][vo:=V][x" = —g,t' =1&x>0Av=vy—1g]B(x.v)

G g Al [vo:=V][X' = —g, =1&x>0AVv=vy—1g]B(x,v)

e Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)

iG
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Proving

Bouncing Balls with Sneaky Solutions

AF [xo:=xX][vo:=V][x" = —g,t =1&X > 0AV = vo—tg A x = xo+Vot— 5 2] B(x.v)

9 X>0Av=vp—tgF v =1 —29t

[:;JXEO/\v:voftg F X =v][ =1 = vt — 281

A [xo:=xX][vo :=V][x"=—g, ' =1&Xx>0Av=wy—tg]x=xo+ ot — L * >

(ljc At [Xo:=xX][vo:=V][X' = —g,t =1&x>0Av=vy—1g]B(x,v)
Gy Al [vo:=V][X' = —g, =1&x>0AVv=vy—1g]B(x,v)

& Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)

iG
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Proving

Bouncing Balls with Sneaky Solutions

AF [xo:=xX][vo:=V][x" = —g,t =1&X > 0AV = vo—tg A x = xo+Vot— 5 2] B(x.v)

*

9 X>0Av=vp—tgF v =1 —29t

[:;JXEO/\v:voftg F X =v][ =1 = vt — 281

A [xo:=xX][vo :=V][x"=—g, ' =1&Xx>0Av=vo—tg]x=xo+vot— L * >

(ljc At [Xo:=xX][vo:=V][X' = —g,t =1&x>0Av=vy—1g]B(x,v)
Gy Al [vo:=V][X' = —g, =1&x>0AVv=vy—1g]B(x,v)

e Al [vo:=V][x"=—g,t'=1&x > 0] B(x,v)

iG

André Platzer (CMU)

Ak [x"=—g,t =1&x > 0]B(x,v)
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Proving Bouncing Balls with Sneaky Solutions

XZO/\V:Vo—tg/\X:XO-i-Vot—thl—B(x,v)

dw
AF [xo:=xX][vo:=V][x" = —g,t =1&X > 0AV = vo—tg A x = xo+Vot— 5 2] B(x.v)

*

9 X>0Av=vp—tgF v =1 —29t

dl

Hlx>0nv=vp—tg - [X:=v][{:=1]x = vot' — 251’

A [xo:=xX][vo :=V][x"=—g, =1&Xx>0Av=vy—tg]x=xo+vot— L * >

ac At [Xo:=xX][vo:=V][X' = —g,t =1&x>0Av=vy—1g]B(x,v)
Gy Al [vo:=V][X' = —g, =1&x>0AVv=vy—1g]B(x,v)

e Al [vo:=V][x"=—g,t'=1& x > 0]B(x,v)

iG
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Al [x"=—g,t =1&x > 0]B(x,v)
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Proving Bouncing Balls with Sneaky Solutions

AL

X>0AV=v—lgAx=xo+vt—3P F2gx =2gH—v*Ax >0
x>0/\v—vo—tg/\x_x0+vot—gt2l—B(xv)
Al—[xo =x][vo:=V][x" = —g,f =1&Xx > 0AV=vp—tgAx = Xo+Vot— 2] B(x.v)
*

9 X>0AVv=vp—tgF v =1 —23t

[:;JXZO/\v:voftg F X =v][ =1 = vt — 284

Al [xo:=xX][vo:=V][x'=—g, =1 &x>0Av=vy—tg]x=Xo+ Vot — 3
ac At [Xo:=xX][vo:=V][X' = —g,t =1&x>0Av=vy—1g]B(x,v)
Gy Al [vo:=V][X' = —g,t =1&x > 0AV = vy — 1g]B(x,v)
dc

Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)

G A X" =—g,t =1&x > 0]B(x.v)
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Proving Bouncing Balls with Sneaky Solutions

XZO,VZVoftg,X:XO-i-Votfgtz|—29X=2gH7V2/\X20
X>0AV=v—tgAx=xo+vwt—3P F2gx =2gH—v*Ax >0
x>0/\v—vo—tg/\x—xo—i—vot—gt?I—B(xv)
Al—[xo =x][vo:=V][x" = —g,f =1&Xx > 0AV=vp—tgAx = Xo+Vot—Z1?]B(x.v)
*

AL

9 X>0AVv=vp—tgF v =1 —23t

[:;JXZO/\v:voftg F X =v][ =1 = vt — 284

Al [xo:=xX][vo:=V][x'=—g, =1 &x>0Av=vy—tg]x=Xo+ Vot — 3
ac At [Xo:=xX][vo:=V][X' = —g,t =1&x>0Av=vy—1g]B(x,v)
Gy Al [vo:=V][X' = —g,t =1&x > 0AV = vy — 1g]B(x,v)
e Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)
iG

Ak [x"=—g,t =1&x > 0]B(x,v)
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Proving Bouncing Balls with Sneaky Solutions

A X >0,v=vy—lg,x = xo+Vvot— 5 1° - 2gx = 2gH — (vo—1g)> Ax > 0
A X >0,v=vy—1g,x = Xo+Vot—Jt° - 2gx = 2gH — v Ax >0
AL

X>0AV=v—lgAx=xo+vwt—3P F2gx =2gH—v*Ax >0
X>0AVv=vy—1tgAXx=Xx0+ vol— gtz F B(x,v)
AF [xo:=xX][vo:=V][x" = —g,t/ =1&X > 0AV = vo—tg A x = xo+Vot—J 2] B(x.v)
*

4 X>0AV=vg—tg F v =y — 24t
Hlx>0nv=vp—tg - [X:=v][{:=1]x = wot' — 25t

d A [xo:=xX][vo :=V][x"=—g, ' =1&Xx>0Av=vy—tg]x=xo+ ot — L * >
ac At [Xo:=xX][vo:=V][X' = —g,t =1&x>0Av=vy—1g]B(x,v)

Al [vo:=V][X' = —g,t =1&x > 0AV = vy — 1g]B(x,v)

Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)

Ak [x"=—g,t =1&x > 0]B(x,v)

iG
dC
iG

<
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Proving Bouncing Balls with Sneaky Solutions

e X >0,v=vy—tg,x = Xo+vot—Z1* F 2g(xo+vot— 3 t2)=2gH—(vo—tg)* Ax>0
A X >0,v=vy—lg,x = Xo+Vot—J1° I 2gx = 2gH — (vo—1g)> Ax > 0

A X>0,v=vy—1g,x = Xo+Vot—3t° - 2gx = 2gH — v A X >0

AL

X>0AV=v—lgAx=xo+vwt—3 F2gx =2gH—v*Ax >0
X>0AV=Vvy—1tgAX=Xo+ Vot — J12F B(x.v)
AF [xo:=xX][vo:=V][x" = —g,t/ =1&Xx > 0AV = vo—tg A x = xo+Vot— 5 2] B(x.v)
*
9 X>0Av=vp—tgF v =1 —29t
Hlx>0nv=vo—tg - [X:=v][{:=1]x = vot' — 251’
d A [xo:=xX][vo :=V][X"=—g, =1&Xx>0Av=vy—tg]x=xo+ ot — L * >

ac At [X:=xX][vo:=V][X' = —g,t =1&x>0Av=vy—1g]B(x,v)
Gy Al [vo:=V][X' = —g,t =1&x > 0AV = vy — 1g]B(x,v)

e Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)

iG

Ak [x"=—g,t =1&x > 0]B(x,v)
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Proving Bouncing Balls with Sneaky Solutions

nH x >0 F 2g(xo+vot— 3 12)=2gH—(vo—1g)?Ax>0
e X >0,v=vy—tg,x = Xo+vot—I1* F 2g(xo+vot— 3 t2)=2gH—(vo—tg)* Ax>0
A X >0,v=vy—lg,x = Xo+Vot—$1° I 2gx = 2gH — (vo—1g)> Ax > 0

A X >0,v=vy—1lg,x = Xo+Vot—Jt° - 2gx = 2gH — v A X >0

AL

X>0AV=v—lgAx=xo+vwt—3 F2gx =2gH—v*Ax >0
X>0AV=1vy—1lgAX=Xo+ Vot — J12F B(x.v)
AF [xo:=X][vo:=V][x" = =g, =1&X > 0AV = vo—tg A x = xo+Vot—J 2] B(x.v)
*
9 X>0AVv=vp—tgF v =1 —29t
Hlx>0nv=vo—tg - [X:=v][{:=1]x = vot' — 21’
d A [xo:=xX][vo :=V][x"=—g, ' =1&Xx>0Av=wo—tg]x=xo+vot— L * >

ac At [X:=xX][vo:=V][X' = —g,t =1&x>0Av=vy—1g]B(x,v)
Gy Al [vo:=V][X' = —g,t =1&x > 0AV = vy — 1g]B(x,v)

e Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)

iG

Ak [x"=—g,t =1&x > 0]B(x,v)
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Proving Bouncing Balls with Sneaky Solutions

x>0+ 2g(xo+vot—IP)=2gH—(vo—1g)> “x>0F x>0

o x >0 F 2g(xo+vot— 3 12)=2gH—(vo—tg)?Ax>0
e X >0,v=vy—tg,x = Xo+Vot—I1* F 2g(xo+vot— 3 1?)=2gH—(vo—tg)* Ax>0
A X >0,v=vy—lg,x = xo+Vvot—J1° - 2gx = 2gH — (vo—1g)> Ax > 0

A X >0,v=vy—1g,x = Xo+Vot—Jt° - 2gx = 2gH — v A X >0

AL

X>0AV=v—lgAx=xo+vt—3P F2gx =2gH—v*Ax >0
X>0AV=1vy—1tgAX=Xo+ Vot — J12F B(x.v)
AF [xo:=xX][vo:=V][x" = —g,t =1&X > 0AV = vo—tg A x = xo+Vot—J 2] B(x.v)
*
9 X>0Av=vp—tgF v =1 —29t
Hlx>0nv=vo—tg - [X:=v][{:=1]x = wot' — 251’
d A [xo:=xX][vo :=V][x"=—g, ' =1&Xx>0Av=wy—tg]x=xo+vot— L 1>

ac At [Xo:=xX][vo:=V][X' = —g,t =1&x>0Av=vy—1g]B(x,v)
Gy Al [vo:=V][X' = —g,t =1&x > 0AV = vy — 1g]B(x,v)

e Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)

iG

Ak [x"=—g,t =1&x > 0]B(x,v)
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Proving Bouncing Balls with Sneaky Solutions

F2g(xo+wot—3t°)=2gH—(v—19)°
x>0+ 2g(xo+vot—2P)=2gH—(vo—1g)> “x>0F x>0

o x >0 F 2g(xo+vot— 3 12)=2gH—(vo—tg)?Ax>0
e X >0,v=vy—tg,x = Xo+Vot—I1* F 2g(xo+vot— 3 1?)=2gH—(vo—tg)* Ax>0
A X >0,v=vy—lg,x = xo+Vvot—J1° - 2gx = 2gH — (vo—1g)> Ax > 0

A X >0,v=vy—1g,x = Xo+Vot—Jt° - 2gx = 2gH — v A X >0

AL

X>0AV=v—lgAx=xo+vt—3P F2gx =2gH—v*Ax >0
X>0AV=1vy—1tgAX=Xo+ Vot — J12F B(x.v)
AF [xo:=xX][vo:=V][x" = —g,t =1&X > 0AV = vo—tg A x = xo+Vot—J 2] B(x.v)
*
9 X>0Av=vp—tgF v =1 —29t
Hlx>0nv=vo—tg - [X:=v][{:=1]x = wot' — 251’
d A [xo:=xX][vo :=V][x"=—g, ' =1&Xx>0Av=wy—tg]x=xo+vot— L 1>

ac At [Xo:=xX][vo:=V][X' = —g,t =1&x>0Av=vy—1g]B(x,v)
Gy Al [vo:=V][X' = —g,t =1&x > 0AV = vy — 1g]B(x,v)

e Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)

iG

Ak [x"=—g,t =1&x > 0]B(x,v)
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Proving Bouncing Balls with Sneaky Solutions

F 2g(xo+ vot— $12)=2gH— ¢+ 2vptg— t2g?
F2g(xo+wot—3t°)=2gH—(v—19)°
x>0+ 2g(xo+vot—2P)=2gH—(vo—1g)> “x>0F x>0

o x >0 F 2g(xo+vot— 3 12)=2gH—(vo—tg)?Ax>0
e X >0,v=vy—tg,x = Xo+Vot—I1* F 2g(xo+vot— 3 1?)=2gH—(vo—tg)* Ax>0
A X >0,v=vy—lg,x = xo+Vvot—J1° - 2gx = 2gH — (vo—1g)> Ax > 0

A X >0,v=vy—1g,x = Xo+Vot—Jt° - 2gx = 2gH — v A X >0

AL

X>0AV=v—lgAx=xo+vt—3P F2gx =2gH—v*Ax >0
X>0AV=1vy—1tgAX=Xo+ Vot — J12F B(x.v)
AF [xo:=xX][vo:=V][x" = —g,t =1&X > 0AV = vo—tg A x = xo+Vot—J 2] B(x.v)
*
9 X>0Av=vp—tgF v =1 —29t
[;JXZO/\VZVOftg F X =v][ =1 = vt — 24
A [xo:=xX][vo :=V][x"=—g, ' =1&Xx>0Av=wy—tg]x=xo+vot— L 1>

f’c At [Xo:=xX][vo:=V][X' = —g,t =1&x>0Av=vy—1g]B(x,v)
Gy Al [vo:=V][X' = —g,t =1&x > 0AV = vy — 1g]B(x,v)

e Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)

iG

Ak [x"=—g,t =1&x > 0]B(x,v)
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Proving Bouncing Balls with Sneaky Solutions

F 2g(xo+ vt — $17)=2gH—v3+2wtg — £S°

F2g(xo+vot—31°)=2gH—(vo—tg)* *
x>0+ 2g(xg+vot—22)=2gH—(vo—1g)? “x>0F x>0
“‘ x >0 F 2g(xo+vot— I 12)=2gH—(vo—1g)? Ax>0
e X >0,v=vy—tg,x = Xo+Vot— 1% - 2g(xo+vot— 4 *)=2gH—(vo—1g)?AXx>0
A X >0,v=vy—ltg,x = xo+vot—3t° F 2gx = 2gH — (vy—19)° A\x > 0
A X >0,v=vy—1g,x = Xo+Vot—Jt° - 2gx = 2gH— v Ax > 0
AL

X>0AV=v—lgAXx=xo+vt—3t2 F 2gx =2gH—v? Ax >0
. X>0AV=1vy—IlgAX=Xo+ Vot — J12F B(x.v)
AF [xo:=x][vo:=V][x" = —g,t/ =1&Xx > 0AV = vo—tg Ax = xo+Vot—J 2] B(x.v)
*
9 X>0AVv=vp—tgF v =1 —29t
Hlx>0nv=vo—tg - [X:=v][{:=1]x = vot' — 21’
d A [xo:=xX][vo :=V][x"=—g, ' =1&Xx>0Av=wo—tg]x=xo+vot— L * >

f’c At [X:=xX][vo:=V][X' = —g,t =1&x>0Av=vy—1g]B(x,v)
Gy Al [vo:=V][X' = —g,t =1&x > 0AV = vy — 1g]B(x,v)

e Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)

iG

Ak [x"=—g,t =1&x > 0]B(x,v)
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Proving Bouncing Balls with Sneaky Solutions

- 2g(xo+%f—%tz):2gH—vg+gyg‘t§—,t§f
F2g(xo+vot—31°)=2gH—(vo—tg)* *
>0k 29(xo+vot—J1%)=2gH—(vo—1g)? %X>0Fx>0
a x >0 F 2g(xo+vot— I 12)=2gH—(vo—1g)? Ax>0

e x>0,v=y—tg,x = x0+v0t—%t2 [ 2g(xo+vot—gt2):2gH—(vo—tg)2/\x20
A X >0,v=vy—ltg,x = xo+vot—3t° F 2gx = 2gH — (vy—19)° A\x > 0

A X >0,v=vy—1g,x = Xo+Vot—Jt° - 2gx = 2gH— v Ax > 0

AL

X>0AV=v—lgAXx=xo+vt—3t2 F 2gx =2gH—v? Ax >0
" X>0AV=1vy—IlgAX=Xo+ Vot — J12F B(x.v)
AF [xo:=x][vo:=V][x" = —g,t/ =1&X >0AV = vo—tg A x = xo+Vol—J 2] B(x.v)
*
4 X>0Av=vp—tg F v=vy—23t /
lx>0nv=v—tg - [x:=v][f=1]x = vt — 23t (Ghost solutions)
d At [xo:=xX][vo :=V][x"=—g, ' =1&X=0/V=vo—lg]x=xo+vot— L >
e Adxo = xX][vo:=V][x" = —g,t' =1 &ij/\v:vo—tg]B(x,v)

G q (Initial ghost‘) Vo:=V][X'=—g,f =1&x>0AV¥E vy — 1g]B(x.v)
e R v := v][x"=—g,t'=1& x > 0] B(x,v)

G AF X" =—g,t =1&x > 0]B(x.v)
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Proving Bouncing Balls with Sneaky Solutions

F 2g(xo+ vt — $17)=2gH—v3+2wtg — £S°

F2g(xo+vot—31°)=2gH—(vo—tg)* *
x>0+ 2g(xg+vot—22)=2gH—(vo—1g)? “x>0F x>0
“‘ x >0 F 2g(xo+vot— I 12)=2gH—(vo—1g)? Ax>0
e X >0,v=vy—tg,x = Xo+Vot— 1% - 2g(xo+vot— 4 *)=2gH—(vo—1g)?AXx>0
A X >0,v=vy—ltg,x = xo+vot—3t° F 2gx = 2gH — (vy—19)° A\x > 0
A X >0,v=vy—1g,x = Xo+Vot—Jt° - 2gx = 2gH— v Ax > 0
AL

X>0AV=v—lgAXx=xo+vt—3t2 F 2gx =2gH—v? Ax >0
. X>0AV=1vy—IlgAX=Xo+ Vot — J12F B(x.v)
AF [xo:=x][vo:=V][x" = —g,t/ =1&X >0AV = vo—tg A x = xo+Vol—J 2] B(x.v)
*
4 X>0Av=vp—tg F v=vy—23t /
[::JXZO/\VZVoftg F X :=v][{:=1]x = wot' — 24t (Not initially true)
d Al [xo:=X][vo:=V][x"=—g,t'=1 &X_O/yv:vo—tg]x:xo—i-vot—%tQl>

f’c AF [xo:=xX][vo :=V][x" = —g,t' = 1&x30Av=vo—1g]B(x.v)
Gy At [v:=V][x" = —g, =1&x>0Av¥E vy —1g]B(x.v)

e Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)

iG

Ak [x"=—g,t =1&x > 0]B(x,v)
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Proving Bouncing Balls with Sneaky Solutions

F 2g(xo+ vt — $17)=2gH—v3+2wtg — £S°

F2g(xo+vot—31°)=2gH—(vo—tg)* *
x>0+ 2g(xg+vot—22)=2gH—(vo—1g)? “x>0F x>0
“‘ x >0 F 2g(xo+vot— I 12)=2gH—(vo—1g)? Ax>0
e X >0,v=vy—tg,x = Xo+Vot— 1% - 2g(xo+vot— 4 *)=2gH—(vo—1g)?AXx>0
A X >0,v=vy—ltg,x = xo+vot—3t° F 2gx = 2gH — (vy—19)° A\x > 0
A X >0,v=vy—1g,x = Xo+Vot—Jt° - 2gx = 2gH— v Ax > 0
AL

X>0AV=v—lgAXx=xo+vt—3t2 F 2gx =2gH—v? Ax >0
" X>0AV=1vy—IlgAX=Xo+ Vot — J12F B(x.v)
AF [xo:=x][vo:=V][x" = —g,t/ =1&X >0AV = vo—tg A x = xo+Vol—J 2] B(x.v)
*

4 X>0Av=vp—tg F v=vy—23t /

Hlx>0nv=vo—tg - [X':=v][t"=1]x" = wt' =28 t(v = vy — (1 — to)g

d AF [xo:=X][vo:=V]|[x"=—g,{ =1%X =T 19|X=Xo+Vol— 312>
ac AF [x0:=xX][vo:=V][x" = —g,t' = 1&x30Av=vo—1g]B(x.v)

Gy At [v:=V][x" = —g,f =1&x>0Av¥E vy —1g]B(x.v)

e Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)

iG

Ak [x"=—g,t =1&x > 0]B(x,v)
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Proving Bouncing Balls with Sneaky Solutions

F 2g(xo+ vt — $17)=2gH—v3+2wtg — £S°

F2g(xo+vot—31°)=2gH—(vo—tg)* *
x>0+ 2g(xg+vot—22)=2gH—(vo—1g)? “x>0F x>0
“‘ x >0 F 2g(xo+vot— I 12)=2gH—(vo—1g)? Ax>0
e X >0,v=vy—tg,x = Xo+Vot— 1% - 2g(xo+vot— 4 *)=2gH—(vo—1g)?AXx>0
A X >0,v=vy—ltg,x = xo+vot—3t° F 2gx = 2gH — (vy—19)° A\x > 0
A X >0,v=vy—1g,x = Xo+Vot—Jt° - 2gx = 2gH— v Ax > 0
AL

X>0AV=v—lgAXx=xo+vt—3t2 F 2gx =2gH—v? Ax >0
" X>0AV=1vy—IlgAX=Xo+ Vot — J12F B(x.v)
AF [xo:=x][vo:=V][x" = —g,t/ =1&Xx > 0AV = vo—tg Ax = xo+Vot—J 2] B(x.v)
*

4 X>0Av=vp—tg F v=vy—23t /

Hlx>0nv=v—tg F [Xi=vI[E=1]x = vot — 23 tGhost [to:=1] by iG

d A [xo:=X][vo :=V][X"=—g,{ =T&X=0 =V~ GIx=Xo+ Vot — S * 1>
ac AF [x0:=xX][vo:=V][x" = —g,t' = 1&x30Av=vo—1g]B(x.v)

Gy At [v:=V][x" = —g,f =1&x>0AVE vy —1g]B(x.v)

e Al [vo:=V][x"=—g,t'=1&x > 0]B(x,v)

iG

Ak [x"=—g,t =1&x > 0]B(x,v)
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Proving Bouncing Balls with Sneaky Solutions

- 2g(xo+%f—%tz):2gH—vg+gyg‘t§—,t§f
F2g(xo+vot—31°)=2gH—(vo—tg)* *
>0k 29(xo+vot—J1%)=2gH—(vo—1g)? %X>0Fx>0
a x >0 F 2g(xo+vot— I 12)=2gH—(vo—1g)? Ax>0

e X >0,v=vy—tg,x = Xo+Vot— 1% - 2g(xo+vot— 4 *)=2gH—(vo—1g)?AXx>0
A X >0,v=vy—ltg,x = xo+vot—3t° F 2gx = 2gH — (vy—19)° A\x > 0
A X >0,v=vy—1g,x = Xo+Vot—Jt° - 2gx = 2gH— v Ax > 0
= X>0AV=v—lgAXx=xo+vt—3t2 F 2gx =2gH—v? Ax >0
" X>0AV=1vy—IlgAX=Xo+ Vot — J12F B(x.v)
AF [xo:=x][vo:=V][x" = —g,t/ =1&Xx > 0AV = vo—tg Ax = xo+Vot—J 2] B(x.v)

*
9 X>0AVv=vp—tgF v =1 —29t

lon v=(What about time?)=1]x" = wot' — 23t

d AT D= X][vo :=V][X"=—g, ' =1&Xx>0Av=vy—tg]x=xo+vot— L * 1>

ac AF [x0 N X][vo :=V][x" = —g,t' = 1&x>0Av=vy—1g]B(x.v)
Gy Al [vo:=X][X' = —g,t =1&x > 0AV = vy — 1g]B(x,v)

e At [vp:=v'=—g,{'=1&x > 0]B(x.v)

iG

AL [X"=—gY =1&x > 0]B(x.v)
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On the Significance of Time

Why does the proof with ghost solutions need t' = 1 in the model?
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On the Significance of Time

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?
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Differential Ghosts of Time

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?
Me X =f(x),t =1&Q|P,A
M [X =f(x)&Q|P,A
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Differential Ghosts of Time

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?
Me X =f(x),t =1&Q|P,A
M [X =f(x)&Q|P,A

What could possibly go wrong?
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Differential Ghosts of Time

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?
Me X =f(x),t =1&Q|P,A
M [X =f(x)&Q|P,A

What could possibly go wrong?

x Cannotaddt =1tox' =v,t/ =2
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Differential Ghosts of Time

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?
Me X =f(x),t =1&Q|P,A
Me[x'=f(x)&Q|P, A

What could possibly go wrong?
x Cannotaddt =1tox' =v,t/ =2
x Cannotadd ' =1tox' =v,v =t
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Differential Ghosts of Time

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in t' = 1 if we need it?
ME X' =f(x),t =1&Q|P,A
M- [x' =1f(x)&Q|P,A

What could possibly go wrong?
x Cannotaddt =1tox' =v,t/ =2
x Cannotadd ' =1tox' =v,v =t
vV Canaddt =1tox'=v,v =—g
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Differential Ghosts of Time

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in t' = 1 if we need it?
ME X' =f(x),t =1&Q|P,A
M- [x' =1f(x)&Q|P,A

What could possibly go wrong?
x Cannotaddt =1tox' =v,t/ =2
x Cannotadd ' =1tox' =v,v =t
x Canaddt' =1to x'=v,v/ = —g unless e.g. postcondition P reads t
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Differential Ghosts of Time

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?

Me X =f(x),t =1&Q|P,A

Fr i —fozapa  (fresh)

What could possibly go wrong?
x Cannotaddt =1tox' =v,t/ =2
x Cannotadd ' =1tox' =v,v =t
x Canaddt =1to x' = v,v/ = —g unless e.g. postcondition P reads t

This is a perfectly harmless proof rule with fresh t.
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Differential Ghosts of Time

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?

Me X =f(x),t =1&Q|P,A

Fr i —fozapa  (fresh)

What could possibly go wrong?
x Cannotaddt =1tox' =v,t/ =2
x Cannotadd ' =1tox' =v,v =t
x Canaddt =1to x' = v,v/ = —g unless e.g. postcondition P reads t

This is a perfectly harmless proof rule with fresh t.
But it's too specific and cannot add any other ODEs.
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Constructing Differential Ghosts

Differential Ghost

[X =f(x)& QP+ Ty [x =f(x),y = g(x,y) & Q]P
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Differential Ghosts of Time

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?
Me X =f(x),t =1&Q|P,A
M [X =f(x)&Q|P,A

(t fresh)

X = ()& Q1P+ Iy = F(x).y' = glx.y) & QIP
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Differential Ghosts of Time

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in t' = 1 if we need it?
ME X' =f(x),t =1&Q|P,A
M- [x' =1f(x)&Q|P,A

(t fresh)

Get differential ghosts of time by axiom DG, even with clever initial t = 0:

Mt=0F X =f(x),t =1&Q|P,A
" M3t =f(x),f =1&Q|P,A
e M- [x =f(x)&QlP,A

X = ()& Q1P+ Iy = F(x).y' = glx.y) & QIP
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Exponentials Make Matters Worse

Example ()
x>0 X =—x]x>0
X
Xo
X =
~ X
0 t
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Exponentials Make Matters Worse

Example ()
(=1 F[x:=—x]x">0
x>0 X =—x]x>0
X
Xo
X =
= —x
0 - t
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Exponentials Make Matters Worse

Example ()
R F—x>0
(=1 Fx:=—x]x">0
x>0 X =—x]x>0
X
Xo
P

X
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Exponentials Make Matters Worse

Example (Cannot prove like this)

not valid
F—x>0
=] Fx:=—x]x">0
x>0 X =—x]x>0

R

X
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Exponentials Make Matters Worse

Example (Cannot prove like this)

not valid
F—x>0
=] Fx:=—x]x">0
x>0 X =—x]x>0

R

Matters get worse over time in this dynamics

X
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Differential Ghosts: Proofs in Extra Dimensions

Example (€ Spooky proof)

DG

x>0k [x'=—=x]x>0

X

André Platzer (CMU) LFCPS/12 14/22


http://lfcps.org/andre.html
http://web.keymaeraX.org/show/lics/exp.kya
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_12
http://lfcps.org/lfcps/

Differential Ghosts: Proofs in Extra Dimensions

Example (€ Spooky proof)

S x>0F3y[x' =—x,y) =%]x>0
ne x>0k [x'==x]x>0
X

X0

X
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Differential Ghosts: Proofs in Extra Dimensions

Example (€ Spooky proof)

VA xy?=1F[x'=—x,y=4]x>0

x>0F3y[x' =—x,y =%]x>0
ne x>0k [x' = —x]x 40

e

(differential ghost: dream me up)

IR, cut

X
Xo
X —
~ X
0 - t
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Differential Ghosts: Proofs in Extra Dimensions

Example (€& Spooky proof)

=1 x>0 a1 = —xy = FyP =
o AP —xy = Hx >0
et X>0|—E|y[X/:—X’y/:%]X>O
e X>0|—[X/=—X]X>0
X

R ¢
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Differential Ghosts: Proofs in Extra Dimensions

Example (€& Spooky proof)

*

=1 x>0 a1 = —xy = FyP =
o AP —xy = Hx >0
et X>0|—E|y[X/:—X’y/:%]X>O
e X>0|—[X/=—X]X>0
X

R ¢
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Differential Ghosts: Proofs in Extra Dimensions

Example (€ Spooky proof)

* [=] - [X,5=—X][yl1=}§/]X/y2+X2yy’=O
=1 x>0 a1 = —xy = fyP =
- xy? =1k X' =—x,y'=4]x>0
JR,cut X>0|_3}/[X/=—X,}/I=%]X>O
e x>0F[xX'==x]x>0
X
Xo
P
X

0+ t
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Differential Ghosts: Proofs in Extra Dimensions

Example (€ Spooky proof)

. F—xy?+2xy% =0
- - - Xi=—Aly=51x'y?+x2yy'=0
=1 x>0 a1 = —xy = fyP =
- xy? =1k X' =—x,y'=4]x>0
JR,cut X>0|_3}/[X/=—X,}/I=%]X>O
oc x>0F[xX'==x]x>0
X

X
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Differential Ghosts: Proofs in Extra Dimensions

Example (€ Spooky proof)

*

. F—xy?+2xy4 =0
- - ==Xl =51x'y*+x2yy'=0
=1 x>0 a1 = —xy = fyP =
- xy? =1k X' =—x,y'=4]x>0
JR,cut X>0|_3}/[X/=—X,}/I=%]X>O
e x>0F[xX'==x]x>0
X

X
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Differential Ghosts: Proofs in Extra Dimensions

Example (@ Spooky proof with counterweight ghost)
*

R F—xy?+2xy5 =0
* (=] F X :=—x]ly":=%]x'y?+x2yy'=0
Bxy2=1F x>0 CxyP=1F X = —x,y = E]xy? =1
VA xy?P=1F[X=—x,y'=%]x>0
FR.cut x>0F3y[x' =—x,y=%]x>0
DG

x>0k [x'=—=x]x>0
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Differential Ghosts: Proofs in Extra Dimensions

Example (@ Spooky proof with counterweight ghost)
*

R F—xy?+2xy5 =0

- - Xi==xly=51X'y*+x2yy'=0

*
xR = —xy =P =

Bxy2=1+ x>0
VA xy?P=1F[X=—x,y'=%]x>0
B x>0F3Jy[x' =—x,y=%]x>0

e x>0k [x'=—=x]x>0
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Differential Ghosts: Proofs in Extra Dimensions

Example (@ Spooky proof with counterweight ghost)
*

® F—xy?+2xy%5 =0
-  Xi=—Aly":=5]x'y*+x2yy'=0

T P=TE X = —xy = FxP =1

*

Bxy2=1+ x>0
VA xy?P=1F[X=—x,y'=%]x>0
JRicut x>0F3Jy[x'=—xy =%]x>0
e x>0k [x'=—=x]x>0

Creative proofs with differential ghosts prove what
we otherwise couldn’t!

LFCPS/12 14/22
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Differential Ghosts: Proofs in Extra Dimensions

Example (@ Spooky proof with counterweight ghost)
*

® F—xy?+2xy%5 =0
-  Xi=—Aly":=5]x'y*+x2yy'=0

I xy2=1+ X' =—x,y = %]xy? =1

*

Bxy2=1+ x>0
VA xy?P=1F[X=—x,y'=%]x>0
JRicut x>0F3Jy[x' =—x,y=%]x>0
e x>0k [x'=—=x]x>0
\/q/
Q// Creative proofs with differential ghosts prove what
X we otherwise couldn’t!

xy? =1 . .
Wait, are differential ghosts actually sound?

LFCPS/12 14/22
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@ Differential Ghosts
@ Substitute Ghosts
@ Solvable Ghosts
@ Limit Velocity of an Aerodynamic Ball
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Constructing Differential Ghosts

Differential Ghost

[X =f(x)& QP+ Ty [x =f(x),y = g(x,y) & Q]P
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Constructing Differential Ghosts

Differential Ghost

[X =f(x)& QP+ Ty [x =f(x),y = g(x,y) & Q]P

André Platzer (CMU) LFCPS/12 15/22


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_12
http://lfcps.org/lfcps/

Constructing Differential Ghosts

Differential Ghost

[X =f(x)& QP+ Ty [x =f(x),y = g(x,y) & Q]P

if new y’ = g(x,y) has a global solution y : [0,00) — R"”
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Differential Ghosts

X =f(x)&Q]P + Ty [x' = f(x),y’ = a(x)y + b(x) & Q]|P

since new y' = a(x)y + b(x) has a long enough solution
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Differential Ghosts
Differential Ghost

X =f(x)&Q]P + Ty [x' = f(x),y’ = a(x)y + b(x) & Q]|P

o
M3y [X = f(x),/ = a(x)y+b(x) & QJP, A
N [X =f(x)&Q|P,A

dG

since new y' = a(x)y + b(x) has a long enough solution
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Differential Ghosts
Differential Ghost

X =f(x)&Q]P + Ty [x' = f(x),y’ = a(x)y + b(x) & Q]|P

o
M3y [X = f(x),/ = a(x)y+b(x) & QJP, A
N [X =f(x)&Q|P,A

dG

since new y' = a(x)y + b(x) has a long enough solution
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Differential Ghosts
Differential Ghost

X =f(x)&Q]P + Ty [x' = f(x),y’ = a(x)y + b(x) & Q]|P

3
M3y x' =1f(x),y =a(x)y+b(x)&Q|P,A
N [X =f(x)&Q|P,A
FFe3yG G X =1f(x),y = a(x)y+b(x)& Q|G
FE[x' =f(x)&Q|F
since new y' = a(x)y + b(x) has a long enough solution

dG
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Differential Ghosts

Differential Ghost
X =f(x)&Q]P + Ty [x' = f(x),y’ = a(x)y + b(x) & Q]|P

Differential Ghost
M3y x' =1f(x),y =a(x)y+b(x)&Q|P,A
N [X =f(x)&Q|P,A
Differential Auxiliary
FFe3yG G X =1f(x),y = a(x)y+b(x)& Q|G
FE[x' =f(x)&Q|F
JyGhr F FE3yG GF [xX =f(x),y =a(x)y+b(x)]G
GF F Red FE3y[x =1f(x),y =a(x)y+b(x)]G
FF3y[x' =f(x),y = a(x)y + b(x)|F
oG FF[x =f(x)]F

f==}

dG

MR
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Nonexistent Differential Ghosts

What could possibly go wrong?

x=0,y=0F[x' =1,y =y2+1]x <6
x=0F3Jy¥ =1,y =y2+1]x<6
: x=0F[x=1]x<6

JR
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Nonexistent Differential Ghosts

What could possibly go wrong?

x=0,y=0F[x' =1,y =y2+1]x <6 I
x=0F3y[xX =1,y =y2+1]x<6 _4’
L x=0F[X=1]x<6 -6

JR
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Nonexistent Differential Ghosts

What could possibly go wrong? Explosive ghosts stop the world. Don’t!

x=0,y=0F [X'=1,y'=y*+1]x <6 § % %%
IR 7 7 > -2 / /
x=0Fy =1y =y"+1]x<6 4 | A
: x=0F[xX'=1]x<6 -6 i H
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Substitute Ghosts

dA

x>0F[X=—x]x>0

X
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Substitute Ghosts

B x>00 3yxy2=1 “ xy2=1r[x =—x,y = Coly? =1

o x>0F[X=—x]x>0
X0

X —
= —x
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Substitute Ghosts

*

B x>00 3yxy2=1 Y xy2=1r[x =—x,y = Coly? =1

o x>0F[X=—x]x>0
X0

X —
= —x
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Substitute Ghosts

* (=] = X i==x]ly = DX y2+x2yy'=0
B x>00 3yxy2=1 Y xy2=1F[x =—x,y = Coly? =1

o x>0F[X=—x]x>0
Xo

X —
= —x
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Substitute Ghosts

F—xy?+2xy =0
* (=] F ==y = DX y?+x2yy'=0
B x>00 3yxy2=1 Y xy2=1F[x =—x,y = Coly? =1

o x>0F[X=—x]x>0
Xo

X —
= —x
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could prove if =4
F —xy?+2xy H=0
* (=] F X i==x]ly" = DX y*+x2yy'=0
B x>00 3yxy2=1 Y xy2=1F[x =—x,y = Coly? =1

o x>0F[X=—x]x>0
Xo

X —
= —x
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could prove if 3= 4
F—xy?+2xy =0
* (=] F X i==x]ly" = DX y?+x2yy'=0
B x>00 3yxy2=1 Y xy2=1F[x =—x,y = Coly? =1

o x>0F[X=—x]x>0
Xo

X —
= —x
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Substitute Ghosts

could prove if 7 = % proved!
F—xy?+2xyl =0
* (=] FxX=—x]ly =% Xy*+x2yy'=0
R
Fx>0 ¢ JyxyP=1 “ xP=1F X' =—x,y' =% |x2=1
o x>0k [x==x]x>0
X
Xo
X =
= —x

André Platzer (CMU) LFCPS/12 17/22


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_12
http://lfcps.org/lfcps/

Substitute Ghosts

could proveif § =%
F—xy?+2xyl =0
* (=] Fx=—x]ly =% Xy*+x2yy'=0
R
Fx>0 ¢ JyxyP=1 “ xP=1F X' =—x,y' =% |x2=1
o x>0k [x==x]x>0
X
Xo
X =
= —x

; t
This is a recipe for brewing suitable differential ghosts!
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Substitute Ghosts

could prove if j(y) = % proved!

F —xy?+2xyj(y) =0

. =] - X =—x]ly":=j(y) X'y +x2yy'=0

(
B x>0 Iyxy2=1 Y xy2=1+ [x¥ = —x,y' =j(y) [xy2 =1

o x>0k [x==x]x>0
Xo
X =
= —x
; t
Function symbol j(y) can play the role of a substitute ghost
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Substitute Ghosts

could proveif § =%
F—xy?+2xyl =0
* (=) Fx=—x]ly =% Xy*+x2yy'=0
R
Fx>0 ¢ JyxyP=1 “ xP=1F X' =—x,y' =% |x2=1
o x>0k [x==x]x>0
X
Xo
X =
= —x
; t
Function symbol j(y) can be substituted uniformly
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Substitute Ghosts

could prove if j(y) =%

F —xy?+2xyj(y) =0

. =] - X =—x]ly":=j(y) X'y +x2yy'=0

(
B x>0 Iyxy2=1 Y xy2=1+ [x¥ = —x,y' =j(y) [xy2 =1

o x>0k [x==x]x>0
Xo
P
==X
; t
Function symbol j(y) needs to be instantiated linearly in y
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Solvable Ghosts: Axiomatic Differential Equation Solver
@ DG introduces time t, DC cuts solution in, that DI proves and
@® DW exports to postcondition
® inverse DC removes evolution domain constraints
@ inverse DG removes original ODE
@ DS solves remaining ODE for time  [x'=c()]P < Vt>0[x:= x-+c()t]P

BT Hvs>0(x+ 25% + vps > 0)

FIr e vs>0[t:=0+1s]x + 22 + vt > 0

T =1]x0+ 28 + vt >0

CTHEIV =at =1]x+ 2 + vyt >0

T =v,vV =at =10+ 22+ vt >0
Dcrl—[x’:v,v’:a,t’:1&v=vo+at]xo+§t2+vot20 >
CrE =v,v =al =1&v=vytat Ax = xo+ 2P+ wl]xo+ 22 + vt > 0

MR X =v,V=at =1&v=vy+at Ax = xo+ 2P+ vi](x=x+ 32+t — x>0)

reW=voV=at=1&v= votat Ax = xo+ 32+ vot]x >0 >
DCFI—[x’:v,v’:a,t’:1&v:v0+at]x20 >
T =v,V=atf =1]x>0 t:=0

r-3ex’ =v,v=a,t =1]x>0
CrEX =v,vV=ax>0
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> Proving Solutions of Differential Equations

These are the side branches elided above by >

YorX=vvV=al=1lv=y+at

d s [x’=v,v’:a,t’:1&v=vo+at]x=xo+§t2+vot
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> Proving Solutions of Differential Equations

These are the side branches elided above by >

RV =gl =1 = at
YorX=v,V=al=1v=v+at

d o+ [x’=v,v’:a,t’:1&v=vo+at]x=xo+§t2+vot
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> Proving Solutions of Differential Equations

These are the side branches elided above by >

Fa=a-1
R V=gt =1 = at
YorX=v,V=al=1v=v+at

d s [x’=v,v’:a,t’:1&v=vo+at]x=xo+§t2+vot
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> Proving Solutions of Differential Equations

These are the side branches elided above by >
%

Fa=a-1
R V=gt =1V = at
YorX=v,V=al=1v=v+at

d o+ [x’=v,v’:a,t’:1&v:vo+at]x=xo+§t2+vot
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> Proving Solutions of Differential Equations

These are the side branches elided above by >
%

Fa=a-1
R V=gt =1V = at
YorX=v,V=al=1v=v+at

R v=wtat = =V =1]X = att + vl
TorX=v,V=at=1&v=wv+atlx=x)+ 22+ vt
2
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> Proving Solutions of Differential Equations

These are the side branches elided above by >
%

Fa=a-1
R V=gt =1V = at
YorX=v,V=al=1v=v+at

R Fv=w+at—v=at-1+y-1

e v=wrat— [X == V][t :=1]x' = att’ + wt’
TorX=v,V=at=1&v=wv+atlx=x)+ 22+ vt
2
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> Proving Solutions of Differential Equations

These are the side branches elided above by >
%

Fa=a-1
R V=gt =1V = at
YorX=v,V=al=1v=v+at

*
Fv=w+at—v=at-1+y-1

R v=wtat = [ i=v|[{=1]X = att + vt

Ao+ X' =v,V=at=1&v=v+atlx =X+ 32 + vt

R
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> Proving Solutions of Differential Equations

These are the side branches elided above by >
%

Fa=a-1
R Ve=4[f =1 = at
YorX=v,V=al=1v=v+at

ES

Fv=w+at—v=at-1+y-1

e v=wrat— [X == V][t :=1]x' = att’ + wt’

Ao+ X' =v,V=at=1&v=v+atlx =X+ 32 + vt

R

But ¢ needs v = vy A x = Xxq initially for dI
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> Proving Solutions of Differential Equations

These are the side branches elided above by >
%

Fa=a-1
R Ve=4[f =1 = at
YorX=v,V=al=1v=v+at

ES

Fv=w+at—v=at-1+y-1

e v=wrat— [X == V][t :=1]x' = att’ + wt’

Ao+ X' =v,V=at=1&v=v+atlx =X+ 32 + vt

R

But ¢ needs v = vy A x = Xxq initially for dI
Discrete ghosts to the rescue: [xp:=x|[vo:=V]...
who can remember initial value on demand.
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Limit Velocity of an Aerodynamic Ball

Proposition (Aerodynamic velocity limits)

g>0Ar>0 - [X'=v,V=—g+n2&x>0Av<0]
204
X
lo\
v t
0.2 04 0.6 0.8
-10
-20
=30 e e e e
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Limit Velocity of an Aerodynamic Ball

Proposition (Aerodynamic velocity limits)

g>0Ar>0 - [X'=v,V=—g+n2&x>0Av<0]
20¢
X
lo\
v : Equilibrium
0.2 04 0.6 0.8
“10 vV =0iff —g+n?=0
-20
=30 e e e e
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Limit Velocity of an Aerodynamic Ball

Proposition (Aerodynamic velocity limits)

g>0Ar>0 - [X'=v,V=—g+n2&x>0Av<0]
204
X
lo\
v : Equilibrium
0.2 04 0.6 0.8
10 v =0iff —g+n2 =0iffv==4,/2
-20
=30 e e e e
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Limit Velocity of an Aerodynamic Ball

Proposition (Aerodynamic velocity limits)

g>0NATr>0NAV> — \/g% [X'=v, V=—g+n2&x>0A v<0]v> — \/g

20¢
X
lo\
v : Equilibrium

0.2 04 0.6 0.8

10 v =0iff —g+n2 =0iffv==4,/2
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Limit Velocity of an Aerodynamic Ball

Bvs— ok [X =v,v = —g+n2lv>—\/9

Proposition (Aerodynamic velocity limits)

g>0NATr>0NAV> — \/g% [x'=v, V=—g+n2&x>0A v<0]v>— \/g

204
X
1()\
v : Equilibrium

0.2 04 0.6 0.8

10 \\ v =0iff —g+n2 =0iffv==4,/2
-20

-30

André Platzer (CMU) LFCPS/12 20/22


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_12
http://lfcps.org/lfcps/

Limit Velocity of an Aerodynamic Ball

U eyt F X =v,V=—g+n2,y/=j(x, v, y) Iy?(v+/9/r)=1 >
Bv>— ok [X =v,v = —g+n2lv>—\/9

Proposition (Aerodynamic velocity limits)

g>0NATr>0NAV> — \/g% [x'=v, V=—g+n2&x>0A v<0]v>— \/g

204
X
1()\
v : Equilibrium

0.2 04 0.6 0.8

1 \\ v =0iff —g+n2 =0iffv==4/2
-20

-30

André Platzer (CMU) LFCPS/12 20/22


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_12
http://lfcps.org/lfcps/

Limit Velocity of an Aerodynamic Ball

=] F X =V i=—g+n?ly :=j(x, v, ) J2yy'(v+1/9/r)+y?v'=0
U v B [X=v,V=—g+n2 y'=j(x,v.y) Jy2(v++/9/r)=1 >

Bvs— ok [X =v,v = —g+n2lv>—\/9

Proposition (Aerodynamic velocity limits)

g>0NATr>0NAV> — \/g% [X'=v, V=—g+n2&x>0A v<0]v>— \/g

204
X
1()\
v : Equilibrium

0.2 04 0.6 0.8

AN v =0iff —g+n2 =0iffv==4,/2

LN

-30
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Limit Velocity of an Aerodynamic Ball

F2y(j(x,v,y) v+ 9/ +y?(—g+rv?) =0
[=] F X =v][Vi=—g+r]ly :=i(x,v,y) 12yy' (v++/9/r)+y?v'=0
U eyt b XY=, V=—g+rv? y'=j(x, v.y) 1y2(v+y/9/r)=1 >

Pyvs— ok [X =v,v = —g+n2lv>—\/9

Proposition (Aerodynamic velocity limits)

g>0NTr>0NAV> — \/g—> [x'=v, V=—g+n2&x>0A v<0]v>— \/g

204
X
1()\
v : Equilibrium

", 0.2 04 0.6 0.8

AN v =0iff —g+n2 =0iffv=14/2

LN

-30
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Limit Velocity of an Aerodynamic Ball

R
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Differential Invariants for Differential Equations

QtE [x = f(x)](P)
P [x' =f(x)& QP

PE[X =f(x)&Q|C PF [x' =f(x)& QAC]P
P+ [x' =f(x)&Q|P

P+ 3dyG Gk [xX =1f(x),y =9(x,y)& Q|G
PE [x' =f(x)&Q]P

if new y’ = g(x, y) has long enough solution
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e Appendix
@ Axiomatic Ghosts
@ Arithmetic Ghosts
@ Nondeterministic Assignments & Ghosts of Choice
@ Differential-Algebraic Ghosts
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Air Traffic Control
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Il d Il
1 Y1
Xj = —vi+vacos S + wxp
Xp = Vosin ¥ — Xy
Y = oD —w
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Air Traffic Control

Y2
0
] s e
1 d 1
T Y1
X; = —vi+vecos ¥ + wxo
Xp = Vasin® — wxq
Y = o — o
Example (“Solving" differential equations)
xi(t) = (x1 WO cos tw— Vo cos tw sin ¥+ Vo @ cos tw cos tD sin ¥ — vy @ sin tw

+x2a)wsin t® — vow cos ¥ cos t@sintw — oV 1 — sin 92 sin tw
~+ Vo @ cos 1 cos tw sin t@ + vo@sin ¥ sin t@sin tw)

André Platzer (CMU) LFCPS/12 23/22


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_12
http://lfcps.org/lfcps/

Air Traffic Control

PR BN

S
Y2
0
w
T |fpﬁ ¢
1 d 1
T Y1
X; = —vi+vecos ¥ + wxo
Xp = Vasin® — wxq
Y = o — o

Example (“Solving” differential equations)
1 . . .
Vt>0 o0 (X1 OO costw— Vo cos tmsin O+ Vo cos tw cos tw sin ¥ — vy @ sin t@

+ X 0@ sint® — Vo cos ® cos tmsin tw — voV 1 — sin ¥2sint®
+ Vo cos ¥ cos tsin t® + vo@sin ¥ sin tosin t®) . ..
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\forall R ts2.
( 0 <= ts2 & ts2 <= t2_0
-> ( (om_1)"
* (omb_1)"-1
* ( om_1l % omb_1 * x1 * cos(om_1 * ts2)

+ om_1 * v2 % cos(om_1 % ts2) %= (1L + -1 % (cos(u))”"2)"~(1 / 2)
+ -1 x omb_1 % vl % sin(om_1 * ts2)
+ om_1 x omb_1 % x2 % sin(om_1 * ts2)
+ om_1 x v2 = cos(u) * sin(om_1 = ts2)
+ -1 x om_1 x v2 % cos(omb_1 = ts2) * cos(u) * sin(om_1 * ts2)
+ om_1 x v2 x cos(om_1l * ts2) % cos(u) * sin(omb_1 * ts2)
+ om_1 x v2 x cos(om_1 * ts2) = cos(omb_1 * ts2) x sin(u)
+ om_1 » v2 » sin(om_1 x ts2) * sin(omb_1 % ts2) * sin(u)))
~2
+ ( (om_1)"-1
* (omb_1)"-1
* (=1 % omb_1 % vl % cos(om_1 % ts2)
+ om_1 » omb_1 % x2 % cos(om_1 * ts2)
+ omb_1 * vl % (cos(om_1 % ts2))"2
+ om_1 x v2 = cos(om_1l % ts2) = cos(u)
+ -1 » om_1 = v2 % cos(om_1 % ts2) * cos(omb_1l % ts2) = cos(u)
+ -1 x om_1 » omb_1 * x1 % sin(om_1 * ts2)
+ -1
* om_1
* v2
* (1 + -1 % (cos(u))”2)™(1 / 2)
+« sin(om_1 * ts2)
+ omb_1 % vl % (sin(om_1 * ts2))"2
+ -1 x om_1 * v2 % cos(u) * sin(om_1 x ts2) = sin(omb_1 * ts2)
+ -1 « om_1 » v2 % cos(omb_1 = ts2) % sin(om_1 % ts2) = sin(u)
+ om_1 * v2 % cos(om_l % ts2) % sin(omb_l * ts2) * sin(u)))
~2
>= (p)"2),
t2_0 >= 0,
X172 + %272 >= (p)"2

==>
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\forall R t7.
( t7 >= 0
-> ( (om_3)"-1
* ( om_3
* (0 (om_1)"-1
* (omb_1)"-1
* ( om_1 % omb_1 * x1 % cos(om_1 % t2_0)
+ om_1
* V2
* cos(om_1 * t2_0)
* (1 + -1 % (cos(u))"2)"(1 / 2)
-1 % omb_1 * vl * sin(om_1 x t2_0)
om_1 % omb_1 * x2 % sin(om_1 * t2_0)
om_1 * v2 * cos(u) * sin(om_1 » t2_0)
-1
om_1
v2
cos (omb_1 » t2_0)
cos (u)
sin(om_1 * t2_0)
+ om_1
v2
cos(om_1 x t2_0)
cos (u)
sin(omb_1 * t2_0)
+ om_1
v2
cos(om_1 * t2_0)
cos (omb_1 * t2_0)
sin(u)
+ om_1
v2
sin(om_1 * t2_0)
sin(omb_1 % t2_0)
sin(u)))

+ o+ o+ +
I T * ok ok b L R .

* ok b
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* cos(om_3 % t5)

+ v2

* cos(om_3 = t5)

* (1

+ -1
* (cos(-1 » om_1 » t2_0 + omb_1 » t2_0 + u + Pi / 4))"2)

M1/ 2)
+ -1 % vl * sin(om_3 * t5)
+ om_3

* (0 (om_1)"-1
* (omb_1)"-1
« (-1 = omb_1 » vl » cos(om_1 * t2_0)

+ om_1 » omb_1 x x2 x cos(om_1 * t2_0)
+ omb_1 % vl % (cos(om_1 = t2_0))"2
+ om_1 % v2 x cos(om_1 = t2_0) % cos(u)
+ -1

* om_1

* V2

* cos(om_1 » t2_0)

* cos(omb_1 * t2_0)

* cos (u)
+ -1 » om_1 * omb_1 » x1 * sin(om_1 * t2_0)
+ -1

* om_1

* V2

x (1 4+ -1 % (cos(u))*2)~(1 / 2)

* sin(om_1 x t2_0)

+ omb_1 % vl x (sin(om_1 % t2_0))"2
+ -1

om_1

v2

cos (u)

sin(om_1 % t2_0)

sin(omb_1 * t2_0)

* ook ok b ok
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+ -1
om_1
v2
cos (omb_1 » t2_0)
sin(om_1 * t2_0)
sin(u)
+ om_1
v2
cos (om_1 x t2_0)
sin(omb_1 * t2_0)
sin(u)))
* sin(om_3 * t5)
+ v2
cos(-1 » om_1 * t2_0 + omb_1 * t2_0 + u + Pi / 4)
sin(om_3 * tb5)
+ v2
(cos(om_3 % t5))"2
sin(-1 » om_1 * t2_0 4+ omb_1 = t2_0 + u + Pi / 4)
+ v2
(sin(om_3 % t5))"2
sin(-1 » om_1 % t2_0 + omb_1 * t2_0 + u + Pi / 4)))

+ ok ok I

*

*

*

*

~2
+ ( (om_3)"-1
* (-1 % vl % cos(om_3 * t5)
+ om_3

* (0 (om_1)"-1
* (omb_1)"-1
* (=1 » omb_1 x vl % cos(om_1 % t2_0)

+ om_1 x omb_1 * x2 * cos(om_1 * t2_0)
+ omb_1 % vl % (cos(om_1 % t2_0))"2
+ om_1 * v2 * cos(om_1l % t2_0) * cos(u)
+ -1

* om_1

* V2

* cos(om_1 x t2_0)

«
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+ -1 %= om_1 * omb_1 * x1 % sin(om_1 % t2_0)
+ -1
* om_1
* V2
* (1 + -1 % (cos(u))"2)"(1 / 2)
* sin(om_1 * t2_0)
+ omb_1 % vl % (sin(om_1 % t2_0))"2
+ -1
om_1
v2
cos (u)
sin(om_1  t2_0)
sin(omb_1 % t2_0)
+ -1
om_1
v2
cos (omb_1 % t2_0)
sin(om_1 * t2_0)
sin(u)
+ om_1
v2
cos(om_1 * t2_0)
sin(omb_1 * t2_0)
sin(u)))
* cos(om_3 % t5)
+ vl x (cos(om_3 = t5))"2
+ v2
cos(om_3 * tb)
cos(-1 » om_1 * t2_0 4+ omb_1 = t2_0 + u + Pi / 4)
+ -1
* v2
(cos(om_3 % t5))"2
cos(-1 = om_1 * t2_0 + omb_1 = t2_0 + u + Pi / 4)

* ook bk * ok ok K ok * ok ok % ok

*

*
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+ -1
* om_3
* ( (om_1)"-1
* (omb_1) -1
* ( om_1l % omb_1 % x1 % cos(om_1 * t2_0)
+ om_1
* V2
* cos(om_1 = t2_0)
* (1 + -1 % (cos(u))*2)~(1 / 2)
-1 % omb_1 % vl % sin(om_1 » t2_0)
om_1 % omb_1 * x2 * sin(om_1 x t2_0)
om_1 % v2 % cos(u) = sin(om_1 * t2_0)
-1
om_1
v2
cos (omb_1 * t2_0)
cos (u)
sin(om_1 * t2_0)
+ om_1
v2
cos (om_1 *= t2_0)
cos (u)
sin(omb_1 % t2_0)
+ om_1
v2
cos (om_1 *= t2_0)
cos (omb_1 * t2_0)
sin(u)
+ om_1
v2
sin(om_1 * t2_0)
sin(omb_1 * t2_0)
sin(u)))
* sin(om_3 % t5)

+ o+ o+ o+
* ok ok * %k o o A

* ook ok ok
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* v2
* (1
+ -1
* (cos(-1 » om_1 » t2_0 + omb_1 * t2_0 + u + Pi / 4))"2)
N1/ 2)

* sin(om_3 * t5)

+ vl % (sin(om_3 = t5))"2

+ -1
* v2
* cos(-1 % om_1 % t2_0 + omb_1 = t2_0 + u + Pi / 4)
* (sin(om_3 * t5))"2))

~2
>= (p)"2)

This is just one branch to prove for aircraft ...

ré Platzer (CMU LFCPS/12 24/22


http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_12
http://lfcps.org/lfcps/

Air Traffic Control
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Air Traffic Control

e 170

N
Y2
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Il d Il
L1 Y1
X{ = vcos® ¥i = ucosg
Xy = vsin ¥ Yo =using
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X
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Air Traffic Control

e 170

X1 Y1
Xy =Vvcos® =V yj=Ucosg

Xy =vsin® =1, yp=using

! I /I
: X ¥ =0 S =p
W\n\
\ vsin Vo
X
\ vy = vcos /
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Differential Axiomatization of Flight Dynamics

) ! v )
X{=vcos® =Vvy y;=uUcosg= U

Xp=vsin® =V y,=usSiNG=Up

! !/
vy = uy =
/ /I
vy = Up =
¥ =0 ¢'=p |
vy =
vy =
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Differential Axiomatization of Flight Dynamics

) ! v )
X{=vcos® =Vvy y;=uUcosg= U

Xp=vsin® =V y,=usSiNG=Up

Vi = Uy =
/ /I
Vo= U, =
_ﬁ’:a) ¢ =p

vi = (vcosd)

vy = (vsin®)’
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Differential Axiomatization of Flight Dynamics

) ! v )
X{=vcos® =Vvy y;=uUcosg= U

Xp=vsin® =V y,=usSiNG=Up

Vi = Uy =
/ /I
Vo= U, =
_ﬁ’:a) ¢ =p

vi = (vcos®) = v cos ¥ + v(—sin )’
vy = (vsin®) = V'sin 9+ v(cos ¥)’
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Differential Axiomatization of Flight Dynamics

) ! v )
X{=vcos® =Vvy y;=uUcosg= U

Xp=vsin® =V y,=usSiNG=Up

Vi = Uy =
/ /I
Vo= U, =
_19’:(9 ¢ =p

Vi = (vcos ) = V' cos ¥ + v(—sin ) = —(vsin®)w
vy =(vsin®) =Vsind +v(cos¥)y = (vcost)w
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Differential Axiomatization of Flight Dynamics

Z1

[ x{ = vcos® = v

Xy =vsind = vy

Vi=—ov
V= O
¥Y=0

Ui
Y} =ucosg = uj|
Yo =using = Up
Uy =
Up =
¢'=p

vi = (vcosd) =V cos ¥+ v(—sin®)d = —(vsind)o = —ow
v =(vsin®) =V'sind +v(cos¥)y = (vcosd)w=
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Differential Axiomatization of Flight Dynamics
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[ x{ = vcos® = v

Xy =vsind = vy

Vi=—ov
V= O
¥Y=0

n _
Y} = ucosg = uy

Yo =using = Up

U= —pu
Uy= puy
¢'=p

vi = (vcosd) =V cos ¥+ v(—sin®)d = —(vsind)o = —ow
v =(vsin®) =V'sind +v(cos¥)y = (vcosd)w=
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Differential Axiomatization of Flight Dynamics

Xp=vsin® =V y,=usSiNG=Up

[ x{ =vcos® =v; y;=ucosg=u|

Z1 n

— Vo U‘ll = —puU2

v U= pu

vi = (vcosd) =V cos ¥+ v(—sin®)d = —(vsind)o = —ow
v =(vsin®) =V'sind +v(cos¥)y = (vcosd)w=
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Differential Axiomatization of Flight Dynamics

t t
Z1 n

-, , -
X1 =MW yi=u
/ /
Xp = V2 Yo= U2
Vi=—0ve U =—pu
/ /
Vo= vy U, = puy

vi = (vcosd) =V cos® + v(—sin®)d = —(vsind)o = —ww
v = (vsin®) =Vsind+v(cos?)d = (veos®)o= ov

v=(v, )l =/ vi+ v}
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Arithmetic Ghosts
e:=x|x|f(e)| e+k|e-k|(e)
a:=x=e|?Q|xX =f(x)&Q|aUB | o;B | a*

P:=e>k|p(e)| =P |PAQ|VxP|3xQ|[c]P | (a)P
Wait, what about ...
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Arithmetic Ghosts

ex=x|x"|fle)|et+k|e-k|(e)
ax=x=e|?Q|xX =f(x)&Q|aUB | ;B | o*
P:=e>k|p(e)|-P|PAQ|YxP|3xQ|[a]P | (a)P

Q ek
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Arithmetic Ghosts

ex=x|x"|fle)|et+k|e-k|(e)
ax=x=e|?Q|xX =f(x)&Q|aUB | ;B | o*
P:=e>k|p(e)|-P|PAQ|YxP|3xQ|[a]P | (a)P

Qe k¥etr(-1)«k
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Arithmetic Ghosts

EIET ex=x| x| f(e)| e+k|e-k|(e)
a x=e|?7Q| X =f(x)&Q|aUB |a;B | a
P:=e>k|p(e)| =P|PAQ|VxP|3IxQ|[x]P| ()P

Qe k¥etr(-1)«k
Q e
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Arithmetic Ghosts

ex=x|x"|fle)|et+k|e-k|(e)
ax=x=e|?Q|xX =f(x)&Q|aUB | ;B | o*
P:=e>k|p(e)|-P|PAQ|YxP|3xQ|[a]P | (a)P

Qe k¥etr(-1)«k
Q@ e=0-¢
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Arithmetic Ghosts

EIET ex=x| x| f(e)| e+k|e-k|(e)
SN ai=x=e|7Q| ¥ =f(x)&Q| aUB | & B | o
P:=e>k|p(e)|-P|PAQ|YxP|3xQ|[a]P | (a)P

Qe k¥etr(-1)«k
Q@ e =0-¢
Q¢
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Arithmetic Ghosts

EIET ex=x| x| f(e)| e+k|e-k|(e)
SN ai=x=e|7Q| ¥ =f(x)&Q| aUB | & B | o
P:=e>k|p(e)|-P|PAQ|YxP|3xQ|[a]P | (a)P

Qe k¥etr(-1)«k
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Arithmetic Ghosts

EIET ex=x| x| f(e)| e+k|e-k|(e)
SN ai=x=e|7Q| ¥ =f(x)&Q| aUB | & B | o
P:=e>k|p(e)|-P|PAQ|YxP|3xQ|[a]P | (a)P

Qe k¥etr(-1)«k

def .
@ e" = e-...-enc Ntimes, not &”
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Arithmetic Ghosts

EIET ex=x| x| f(e)| e+k|e-k|(e)
SN ai=x=e|7Q| ¥ =f(x)&Q| aUB | & B | o
P:=e>k|p(e)|-P|PAQ|YxP|3xQ|[a]P | (a)P

Qe k¥etr(-1)«k

def .
@ e" = e-...-enc Ntimes, not &”
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EIET ex=x| x| f(e)| e+k|e-k|(e)
SN ai=x=e|7Q| ¥ =f(x)&Q| aUB | & B | o
P:=e>k|p(e) | -P|PAQ|VxP|3xQ|[c]P] (a)P

Qe k¥etr(-1)«k

Q@ e=0-¢

Q ¢ d:ef e-...-enc Ntimes, not "
o e/k depends
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Arithmetic Ghosts

EIET ex=x| x| f(e)| e+k|e-k|(e)
SN ai=x=e|7Q| ¥ =f(x)&Q| aUB | & B | o
P:=e>k|p(e)|-P|PAQ|YxP|3xQ|[a]P | (a)P

Qe k¥etr(-1)«k
Q@ e =0-¢
(s I- d:ef e-...-en& Ntimes, not "

Q e/k ¥ depends g=2 o gc=>b
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Arithmetic Ghosts

EIET ex=x| x| f(e)| e+k|e-k|(e)
SN ai=x=e|7Q| ¥ =f(x)&Q| aUB | & B | o
P:=e>k|p(e)|-P|PAQ|YxP|3xQ|[a]P | (a)P

Qe k¥etr(-1)«k
Q@ e =0-¢
(s I- d:ef e-...-en& Ntimes, not "

Q e/k % depenc[i)s g=2 o gc=>b
q::E
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Arithmetic Ghosts / Ghosts of Division

ex=x|x"|fle)|e+k|e-k|(e)
SN ai=x=e|7Q| ¥ =f(x)&Q| aUB | & B | o
Bl Pu=e>k|p(e) | ~P|PAQ|YxP|3xQ|[a]P | ()P

Qe kT et (-1)k

Q ¢ dﬁf e- enENtimes not e"
Qo e/k depencti,s g="2 . qc—b
q':E ~  g:=x%;?7qgc=0>b
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Arithmetic Ghosts / Ghosts of Division

ex=x|x"|fle)|e+k|e-k|(e)
SN ai=x=e|7Q| ¥ =f(x)&Q| aUB | & B | o
Bl Pu=e>k|p(e) | ~P|PAQ|YxP|3xQ|[a]P | ()P

Qe kT et (-1)k

Q@ e=0-¢
Q ¢ dﬁf e enENtimes not e”
Qo e/k depencti,s g="2 qc—bwherec;éo

Cc
q.:E ~ q:=x;, 7qc=bAc#0
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Arithmetic Ghosts / Ghosts of Division

ex=x|x"|fle)|e+k|e-k|(e)
SN ai=x=e|7Q| ¥ =f(x)&Q| aUB | & B | o
Bl Pu=e>k|p(e) | ~P|PAQ|YxP|3xQ|[a]P | ()P

Qe kT et (-1)k

Q ¢ dﬁf e enENtimes not e”
(= I K % depends g="2 qc—bwherec;éo
b Cc
q.:E ~ q:=x;, 7qc=bAc#0

b
x=2+—-+e
c
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Arithmetic Ghosts / Ghosts of Division

ex=x|x"|fle)|e+k|e-k|(e)
SN ai=x=e|7Q| ¥ =f(x)&Q| aUB | & B | o
Bl Pu=e>k|p(e) | ~P|PAQ|YxP|3xQ|[a]P | ()P

Qe kT et (-1)k

Q ¢ d:ef e-...-enc Ntimes, not &*
Q e/k % depenc[i)s g=2 o gc=bwhere c#0
q.:E ~ q:=x;, 7qc=bAc#0

b
X::2+E+e ~ q:=x;?qgc=b ; x:=24+qg+e
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Arithmetic Ghosts / Ghosts of Division

ex=x|x"|fle)|e+k|e-k|(e)
SN ai=x=e|7Q| ¥ =f(x)&Q| aUB | & B | o
Bl Pu=e>k|p(e) | ~P|PAQ|YxP|3xQ|[a]P | ()P

Qe kT et (-1)k

Q ¢ d:ef e-...-enc Ntimes, not &*
Q e/k % depenc[i)s g=2 o gc=bwhere c#0
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b
x::2+E+e ~ q:=x;, 7qc=bAc#0; x:=24+q+e
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Arithmetic Ghosts / Ghosts of Division

ex=x|x"|fle)|e+k|e-k|(e)
SN ai=x=e|7Q| ¥ =f(x)&Q| aUB | & B | o
Bl Pu=e>k|p(e) | ~P|PAQ|YxP|3xQ|[a]P | ()P

Qe kT et (-1)k

Q ¢ d:ef e-...-enc Ntimes, not &*
Q e/k % depenc[i)s g=2 o gc=bwhere c#0
q.:E ~ q:=x;, 7qc=bAc#0

b
x::2+E+e ~ q:=x;, 7qc=bAc#0; x:=24+q+e

X::a-l-\/@
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Arithmetic Ghosts / Ghosts of Division

ex=x|x"|fle)|e+k|e-k|(e)
SN ai=x=e|7Q| ¥ =f(x)&Q| aUB | & B | o
Bl Pu=e>k|p(e) | ~P|PAQ|YxP|3xQ|[a]P | ()P

Qe k¥etr(-1)«k

Q ¢ d:ef e-...-enc Ntimes, not "
Q e/k % depencti)s g=2 o gc=bwhere c#0
q.:E ~ q:=x;, 7qc=bAc#0

b
x::2+E+e ~ q:=x;, 7qc=bAc#0; x:=24+q+e

x:=a++\/4y ~ q:=x 1¢°=4y; x:=a+q
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Arithmetic Ghosts / Ghosts of Division

ex=x|x"|fle)|e+k|e-k|(e)
SN ai=x=e|7Q| ¥ =f(x)&Q| aUB | & B | o
P:=e>k|p(e) | -P|PAQ|VxP|3xQ|[c]P] (a)P

Qe k¥etr(-1)«k
Q@ e =0-¢
(s I- d:ef e-...-enc Ntimes, not &*

ee/k depen%s qzz—qc—bwherec;«éo
q::E ~ q:=x;, 7qc=bAc#0

b
x::2+E+e ~ q:=x;, 7qc=bAc#0; x:=24+q+e

x:=a++\/4y ~ q=x ¢ =4yANdy>0; x:=a+q
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Arithmetic Ghosts / Ghosts of Division

ex=x|x"|fle)|e+k|e-k|(e)
SN ai=x=e|7Q| ¥ =f(x)&Q| aUB | & B | o
P:=e>k|p(e) | -P|PAQ|VxP|3xQ|[c]P] (a)P

Qe kT et (-1)k

Q@ e=0-¢

Qe ™ e-...-enc Ntimes, not "

© (arithmetic ghost: auxiliary for the model )y ¢ 20
b

q::E ~\ q:=x%; 7qc=bAc#0

b
x::2+E+e ~ q:=x; 7qc=bAc#0; x:=24+q+e
x:=a++\/4y ~ q=x 1¢°=4yNdy>0; x:=a+q
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Arithmetic Ghosts / Ghosts of Division

ex=x|x"|f(e)|e+k|e-k|(e)
a x:=e|?2Q|xX =f(x)&Q|aUB | o;f | a*
=, -

Qe k¥etr(-1)«k

=e>k|p(e)|-P|PAQ|VxP|3IxQ|[a]P|(a)P

Q@ e=0-¢
" ® o,  .encNtimes. note”
nondeterministic assignment g:=x* not in syntax
7 sropoTrre——————tr———vrrroro—o/- 0
q::E ~ =x; 7gc=bAc#0

x::2+E+e ~ q:=x; 7qc=bAc#0; x:=24+q+e

x:=a++\/4y ~ q=x 1¢°=4yNdy>0; x:=a+q
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Nondeterministic Assignments & Ghosts of Choice

Nondeterministic assignment x :=* not in HP syntax.
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Nondeterministic Assignments & Ghosts of Choice

Nondeterministic assignment x :=* not in HP syntax. (M Modular add

Q= ... | xi=x

André Platzer (CMU) LFCPS/12 28/22


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_12
http://lfcps.org/lfcps/

Nondeterministic Assignments & Ghosts of Choice

Nondeterministic assignment x :=* not in HP syntax. (M Modular add

Q= ... | xi=x

[x:=+] = {(®,v) : v = except for value of x (any R)}
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Nondeterministic Assignments & Ghosts of Choice

Nondeterministic assignment x :=* not in HP syntax. (M Modular add
on=... | x:=x
[x:=+] = {(®,v) : v = except for value of x (any R)}

(%) (X:=%)P >

P,

André Platzer (CMU) LFCPS/12 28/22


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_12
http://lfcps.org/lfcps/

Nondeterministic Assignments & Ghosts of Choice

Nondeterministic assignment x :=* not in HP syntax. (M Modular add
on=... | x:=x
[x:=+] = {(®,v) : v = except for value of x (any R)}

(:x) (x:=%)P 4> 3IxP

) lem P s cp
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Nondeterministic Assignments & Ghosts of Choice

Nondeterministic assignment x :=* not in HP syntax. (M Modular add
on=... | x:=x
[x:=+] = {(®,v) : v = except for value of x (any R)}

(:x) (x:=%)P 4> 3IxP

[:%] [x:=%]P <> VxP

@ Or derived definition
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Nondeterministic Assignments & Ghosts of Choice

Nondeterministic assignment x :=* not in HP syntax. (M Modular add
on=... | x:=x
[x:=+] = {(®,v) : v = except for value of x (any R)}

(:x) (x:=%)P 4> 3IxP

[:%] [x:=%]P <> VxP

@ Or derived definition

Derived VISR
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Nondeterministic Assignments & Ghosts of Choice

Nondeterministic assignment x :=* not in HP syntax. (M Modular add
on=... | x:=x
[x:=+] = {(®,v) : v = except for value of x (any R)}

(:x) (x:=%)P 4> 3IxP

) lem P s cp

@ Or derived definition

v ® U=
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Nondeterministic Assignments & Ghosts of Choice

Nondeterministic assignment x :=* not in HP syntax. (M Modular add
oiim | xim
[x:=+] = {(®,v) : v = except for value of x (any R)}

(:x) (x:=%)P 4> 3IxP

) lem P s cp

@ Or derived definition

Q
(0]
e

Derived Juvesam
Derived Jvasm

X' =1Ux" =—1

[eX
(]
S
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Nondeterministic Assignments & Ghosts of Choice

Nondeterministic assignment x :=* not in HP syntax. (M Modular add
o

=...|x:=x
[x:=+] = {(w,v) : v = o except for value of x (any R)}
(%) (x:=*)P <> 3IxP

[:%] [x:=%]P <+ VxP

@ Or derived definition
e ® U=
o= T =
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Nondeterministic Assignments & Ghosts of Choice

Nondeterministic assignment x :=* not in HP syntax. (M Modular add
o

=...|x:=x

[x:=+] ={(®,v) : v= o except for value of x (any R)}

(%) (x:=*)P <> 3IxP

Lol iy — R D

discrete time?) continuous time?
@ Or derived definition

x=+ = xX=1Ux"=—1
-

Q
(0]
e

o
IIle;
x\
I
—
>
.
I
I
—
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Nondeterministic Assignments & Ghosts of Choice

Nondeterministic assignment x :=* not in HP syntax. (M Modular add
o=... | x:=x
[x:=+] = {(w,v) : v = o except for value of x (any R)}
() (x:=#*)P<«>3IxP
L] [x=x]P < Vx P

invisible time! time is relative.
@ Or derived definition

L ® 0 Suv—
ximn & 0o
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Nondeterministic Assignments & Ghosts of Choice

Nondeterministic assignment x :=* not in HP syntax. (M Modular add
o=... | x:=x

[x:=+] = {(w,v) : v = o except for value of x (any R)}
(zx) (x:=%*)P <> IxP
Lol Ix.=«]P <> Yx P

invisible time! time is relative.
@ Or derived definition

x=+ = xX=1Ux"=—1
-

Q
(0]
e

[oX
e
><\
I
—_
oo
£
Il
|
—_

x:=x £ X' =1, =1Ux’ = —1,t =1 visible time
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Nondeterministic Assignments & Ghosts of Choice

Nondeterministic assignment x :=* not in HP syntax. (M Modular add
o=... | x:=x

[x:=+] ={(®,v) : v= o except for value of x (any R)}
(zx) (x:=%*)P <> IxP
[:%] [x:=%]P <+ VxP

@ Or derived definition

Derlved xi=+ E ¥ =1Ux = -1

:%

'I m just a ghost of your imagination. I'm definable.'
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Differential-Algebraic Ghosts
ex=x|x|f(e)| e+k|e-k|(e)
ax=x=e|?Q| X =f(x)&Q|aUB | a;B | o*

P:=e>k|p(e)| =P |PAQ|YxP|3xQ|[a]P | (a)P
Q ¢/k def depends q=

Q
=

e

b

[+

gc=bwhere c#0
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ex=x|x|f(e)| e+k|e-k|(e)
ax=x=e|?Q| X =f(x)&Q|aUB | a;B | o*
P:=e>k|p(e)| =P |PAQ|YxP|3xQ|[a]P]| ()

(% ] e/k depends

Q
=

e

g=2 = qc=

b where c#£0
1
{x’:—& c£0 A i >0}
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ex=x|x|f(e)| e+k|e-k|(e)
ax=x=e|?Q| X =f(x)&Q|aUB | a;B | o*
P:=e>k|p(e)| =P |PAQ|YxP|3xQ|[a]P]| ()

Q ¢/ k& depends

Q
=

e

g=2 = qc=

b where c#£0
(= o

—& 7é0/\—>0} ~ qi=x;79c=1; {x'=2xq& c£0 A (x+1)g>0}
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ex=x|x|f(e)| e+k|e-k|(e)
ax=x=e|?7Q|xX =f(x)&Q|aUB | o;B | a*
P:=e>k|p(e)| =P |PAQ|YxP|3xQ|[a]P]| ()

Q ¢/ k& depends

Q
=

e

g=2 = qc=

b where c#£0
(= o

—& 7é0/\—>0} ~ qi=x;79c=1; {x'=2xq& c£0 A (x+1)g>0}
{x 25&2x#0A5>0}
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ex=x|x|f(e)| e+k|e-k|(e)
ax=x=e|?7Q|xX =f(x)&Q|aUB | o;B | a*
P:=e>k|p(e) | =P | PAQ|VxP|3xQ|[]P] ()

Q ¢/ k& depends

Q
=

e

g=2 = qc=

b where c#£0
{x’:—& 7é0/\i>0} ~ qi=x;79c=1; {x'=2xq& c£0 A (x+1)g>0}
{X:2x

— &2x#£0 A —X>0} ~ qi=x;792x=1;{X'=cq&2x#£0 A cq>0}
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ex=x|x|f(e)| e+k|e-k|(e)
ax=x=e|?7Q|xX =f(x)&Q|aUB | o;B | a*
P:=e>k|p(e) | =P | PAQ|VxP|3xQ|[]P] ()

Q ¢/ k& depends

Q
=

e

ng = qC:

b where c#£0
{x’:—& c#0A i>0} ~ qi=x;79c=1; {x'=2xq& c£0 A (x+1)g>0}
{X:2x

— &2x#£0 A —X>0} sy qi=x;7q2x=1;{X'=cq& 2x#£0 A cq>0}

(inverse only of initial x)
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ex=x|x|f(e)| e+k|e-k|(e)
ax=x=e|?7Q|xX =f(x)&Q|aUB | o;B | a*
P:=e>k|p(e) | =P | PAQ|VxP|3xQ|[]P] ()

Q ¢/ k& depends

Q
=

e

ng = qC:

b where c#£0
{x’:—& c#0A i>0} ~ qi=x;79c=1; {x'=2xq& c£0 A (x+1)g>0}
{X:2x

— &2x#£0 A —X>0} oy qi=x;7q2x=1;{X'=cq& 2x#£0 A cq>0}
change rate of g:
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Differential-Algebraic Ghosts

ex=x|x|f(e)| e+k|e-k|(e)
ax=x=e|?Q| X =f(x)&Q|aUB | a;B | o*
P:=e>k|p(e) | =P | PAQ|VxP|3xQ|[]P] ()

Q
=

Qo e/k depends q=‘57 = gc=bwhere c#0

{x’:—& 7é0/\i>0} ~ qi=x;79c=1; {x'=2xq& c£0 A (x+1)g>0}

{x 5&2X7£0/\g>0} oy qi=x;7q2x=1;{X'=cq& 2x#£0 A cq>0}
1) —2x 2% c
change rate of g: ¢ = (2x> =5 = 4x2X =-73
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Differential-Algebraic Ghosts

ex=x|x|f(e)| e+k|e-k|(e)
ax=x=e|?Q| X =f(x)&Q|aUB | a;B | o*
P:=e>k|p(e) | =P | PAQ|VxP|3xQ|[]P] ()

Q
=

Qo e/k depends q=‘57 = gc=bwhere c#0

{x’:—& 7é0/\l>0} ~ qi=x;7qc=1;{x’ 2x&c 0A(x+1)g>0}
{x

il il ? =
2X&Zx;«éO/\zx>0} oy qi=x;792x=1;{x'=

1\ —2x 2L
changerate of g: ¢ = (2x> =5 = 4Xix_ N
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Differential-Algebraic Ghosts

ex=x|x|f(e)| e+k|e-k|(e)
ax=x=e|?Q| X =f(x)&Q|aUB | a;B | o*
P:=e>k|p(e) | =P | PAQ|VxP|3xQ|[]P] ()

Q
=

Qo e/k depends q=‘57 = gc=bwhere c#0

{x’:—& 7é0/\i>0} ~ qi=x;79c=1; {x'=2xq& c£0 A (x+1)g>0}

{x 5&2X7£0/\g>0} oy qi=x;7q2x=1;{X'=cq& 2x#£0 A cq>0}
1) —2x 2% c
change rate of g: ¢ = (2x> =5 = 4x2X =-73

~ {x'=cq,q = *&q2x=1 A2x#0 A cq>0}
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Differential-Algebraic Ghosts

ex=x|x|f(e)| e+k|e-k|(e)
ax=x=e|?Q| X =f(x)&Q|aUB | a;B | o*
P:=e>k|p(e) | =P | PAQ|VxP|3xQ|[]P] ()

Q
=

Qo e/k depends q=‘57 = gc=bwhere c#0

{x’:—& 750/\__'_ >0} ~ gq:=x%;7qc=1;{x'=2xq& c£0 A (x+1)g>0}
,—i N C hY .
=5, ‘(continuously changing nondeterministic value]‘ #0/ cq>0}

1 —2x' —2= c
change rate of g: ¢’ = ( — _“ax _

2x )\ 4x2  4x2  4x8

~ {x'=cq,q = *&q2x=1A2x#0 A cq>0}
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Differential-Algebraic Ghosts

ex=x|x|f(e)| e+k|e-k|(e)
ax=x=e|?Q| X =f(x)&Q|aUB | a;B | o*
P:=e>k|p(e) | -P|PAQ|VxP|3xQ|[c]P] ()P

Q
=

Q e/k & depends =2

e

¢ = qc=bwherec#0

2 1
{x’:?x&c;éO/\ %>0} ~ qi=x;79c=1; {x'=2xq& c£0 A (x+1)g>0}

/_i c 2 a ol a
= 2x 8(differential-algebraic ghost: auxiliary for the modeljo N cq>0}
1T\ -2 25 c
change rate of g: =—N\= = __ 7
g ¢ q (2x 4x2 4x2 4x3

~ {x'=cq,q = *&q2x=1A2x#0 A cq>0}
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Divisions by Zero

Divisions

@ Scrutinize every division or possible singularity.
@ Missing requirements in the system.

q R 2 AAnd A
© Stopping distance z; from initial velocity v

Don’t divide by zero. It's not worth it.

Divide &Conquer Divide & Regret
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Divisions by Zero

Divisions

@ Scrutinize every division or possible singularity.
@ Missing requirements in the system.
q R 2 AAnd A
© Stopping distance z; from initial velocity v
© ... needs brakes to work b # 0 though ...

Don’t divide by zero. It's not worth it.

Divide & Conquer Divide & Regret
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