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( 1: Operators of Differential Dynamic Logic (dL) h
dL Operator Meaning
e=¢€ equals true iff values of terms e and € are equal
e>é greater-or-equal true iff value of e greater-or-equal to value of €
p(e1,...,ex) predicate true iff p holds for the value of (e, ..., ex)
-P negation / not true if P is false
PAQ conjunction / and true if both P and @) are true
PVvQ disjunction / or true if P is true or if @) is true
P—Q implication / implies true if P is false or @ is true
P+ Q bi-implication / equivalent true if P and @ are both true or both false
Vo P universal quantifier / for all  true if P is true for all real values of variable =
Jz P existential quantifier / exists true if P is true for some real value of variable x
[a] P [-] modality / box true if P is true after all runs of HP a
L (a)P (-} modality / diamond true if P is true after at least one run of HP a )
( 2: Statements and effects of Hybrid Programs (HPs) )
HP Operation Effect
ri=e discrete assignment assigns value of term e to variable z
a8 o= % nondeterministic assignment assigns any real value to variable z
' = f(z)& @ continuous evolution evolve along differential equation o’ = f(x) within
evolution domain ) for any duration
7Q test check truth of first-order formula @) at current state
a; b sequential composition HP b starts after HP a finishes
aUb nondeterministic choice choice between alternatives HP a or HP b
L a* nondeterministic repetition  repeats HP a n-times for any n € N )
3: Semantics of dL formula P in interpretation I is the set of states [P] C S in which it is true
e > €] = {we S:wle] > wle]}
[per,...,ex)] = {weS: (wlei],...,wlex]) € I(p)} for predicate symbol p
[-P] = [PI° =5\ [P]
[P A Q] = [PINn]Q]
[Fz P] = {w € §: v € [P] for some state v with v = w except for the real value of z}
[Vz P] = {w € S: v e [P] for all states v with v = w except for the real value of z}
[(a)P] = [a] o [P] = {w: v € [P] for some state v such that (w,v) € [a] }
M[a] P] = [-(a)=P] = {w : v € [P] for all states v such that (w,v) € [a] }

J

[x:=¢] = {(w,v) : v = w except v[z] = w]e]}

[?Q] = {(w,w) :w e [Q]}

[ = f(2) & Q] = {(w,v):p E 2’ = f(z) AQ for some solution ¢ : [0,7] = S with ¢(r) = v, ¢(0) = wle,n
JaUb] = [a] U [5]

[a; 0]

[
[a*] * = U [a"] with a"™! = (a™;a) and a® = (?true)
k neN
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5: Axiomatization

P—Q P
() {a) P < =[a]-P M AP S0 US )
=] [z := e]p(z) > p(e) a Lt —
4] [ := *]p(x) > Vzp(x) [al])](;) ‘P[;z/:: o
7 12Qlp ¢ (@ = p) ! Vap(a) BR = W1e £EV(P)
U] [@ U b]P <> [a]P A [b]P MpP 4 P
q
| [a; b]P < [a][b] P o @ =9@
'] [a*]P < P A[a][a*]P ooof }?’)): C((gj)ﬂ?))
K [a](P alP — [a i« = e
ellf 2 @)= (P2 el 0 ) < s @)
I [a*]P < P A [a*](P — [a]P) - P& Q
Vp—lalp (FV(p)NBV(a)=0) - C(P) + C@Q
\_ J
( 6: Differential equation axioms and differential axioms A
DW [2" = f(2) & QIP « [2' = f(x) &Q)(Q — P)
DC ([#' = f(x) & QP « [¢/ = f(z) & Q ACIP) «+ [z’ = f(z) &Q|C
DE [2/ = f(z) & QIP ¢ [/ = f(2) & Qlla’ := f(a)]P
DI ([z* = f(=) & Q1P + [?Q|P) « (Q — [+’ = f(2) & Q)I(P))
DG [ = f(2) & QIP « Jy[e' = f(2),y = alw)y + b(x) & QIP
DS [#' = c& q(z)]p(z) +> V>0 ((V0<s<tq(z + cs)) = [z =z + ct]p(z))
() =0
z (x) =2
+(e+d) = (¢) +(d)
T(e-d) = (e)-d+e-(d)
o ly=g(@)ly :=1((f(g(=))) = (f¥) - (9(2)))
\_ J
~

7: First-order axioms
Vi (Vz p(z)) — p(c)
V=V (P—Q)— (VzP —>VxQ)

Vyp—Vap (x € FV(p))
\_ J
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(" 8: dL Sequent calculus proof rules B
TFJA Jk[aJ JFP f(®) = g(z) o EA
loop CTR - — US
I'+ [a*]P, A 'k c(f(2) = c(g(7)), A o(l') Fo(A)
I'[aQA QFP - f(z) = g(z) TYF AY
MR CTL — — UR —Z L
I'F [a]P, A L,e(f(z)) =c(g9(x)) - A r-A
r FA PH 7)), A T) = g(T 'k |y:= A
\p, D lal@ Q COR p(9(T)), 7f(w) 9®)  grp LM l=eles,
T, [a]PF A T'Fp(f(z)),A Ik [z:=€]p, A
P r 7)) F A T) = g(x I, [y:=e|pZF A
. cor TPE@FA @ =g@ Tl
L'k [a]P, A Top(f(z)) F A [,[z:=elpkF A
FCOHS l_ b ACO].’IS F l_ C 9 A P bl /7 ! FV
e ¢ p ¢ G (@) ©Q v,y 5" €FV(p)
'k [a]p, A 'ECwp),A
CEL ILLCQOFA P&Q
o ICP)F A
N = J
( 9: Differential equation sequent calculus proof rules A
W Qrr
U TEF = f(2) &QIP,A
g D@ Fp), A q(@) F o= f(@)](p())
I'F 2 = f(z) &q(z)]p(z), A
l(‘Fl—[x’:f(:c)&Q]CA 'k [z = f(z)&QACIP,A
o TH [ = ()&:Q]PA
dG F"Ely[a:':f(a:),y’:a( )y+ (.’L‘) Q]P’A
’ T [z = &Q|P,A
L o =) &Q) )
( . )
10: Propositional sequent calculus proof rules
L LPFA THFPA THQA I'FPQ, A _ T,PHQ,A
TF-PA " TFPAQ,A ‘TFPVQ,A ‘TFP—Q,A
' PA IPQFA LPFA T,QFA '-P,A T,QF A
'T,-PF A I,PAQF A T,PVQF A TP QFA
d 5% TR— wrRL"A& rre.pAa
“TPFPA T F true, A TFPA ‘TFPQ.A
» I—OA r,crA | - A rQ,PrA
o TFA ‘T, false - A ‘T,PFA ‘T,PQF A
\_ _J
( . )
11: Quantifier sequent calculus proof rules
I+ A ' A
VR Fl—leng()cl;),A (y €T, A,V p(x)) R Fl-ﬂii)e(?r’),A (arbitrary term e)
r A r A
VL 1% (arbitrary term e) L % (y ¢ T, A, xp(x))
\_ _J
(" 12: Derived rules A
T =P _1RFI—Q,A '-Q— P A ‘ TFI—Q<—>PA
‘Trpa o TFPA R TP S 0.A
—_—d L DQrA TFP-QA L LQoPFA
T.PFA o T.PFA T PoOQFA
, FQ I'-P& QA
R P oA U TrPoQaA
k ) 9 ) )
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13: Derived axioms
A [a](PAQ) < [a]P Ala]Q
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