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Pointers and Resources with More Information

@ These slides are based on invited tutorial at LICS 2012 aD
André Platzer.
Logics of dynamical systems.
LICS, 2012.
Invited tutorial
@ Read LICS 2012 invited tutorial write-up
@ More details in the book
André Platzer.
Logical Analysis of Hybrid Systems: of o Sysems
Proving Theorems for Complex Dynamics.
Springer, 2010.
@ Verification tool KeYmaera and more

Many more references in bibliography on slides, paper, web

http://symbolaris.com/
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@ Branching Transition Structures
@ Semantics
@ Ex: Car Control Design
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@ Compositionality in Hybrid Systems
© Axiomatization
@ Compositional Proof Calculus
@ Deduction Modulo by Side Deduction
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How can we design computers that are

guaranteed to interact correctly with the

physical world?
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Hybrid Systems Analysis: Car Control

Challenge (Hybrid Systems)
Fixed rule describing state
evolution with both

@ Continuous dynamics
(differential equations)

@ Discrete dynamics
(control decisions)
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© More than computers: no NullPointerException #- safe
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@ Continuous dynamics
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(control decisions)

© More than computers: no NullPointerException #- safe
@ More than physics: braking control v < 2b(MA — z) # safe
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Hybrid Systems Analysis: Car Control

Challenge (Hybrid Systems)
Fixed rule describing state
evolution with both

@ Continuous dynamics
(differential equations)

@ Discrete dynamics
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Hybrid Systems Analysis: Car Control

Challenge (Hybrid Systems)
Fixed rule describing state
evolution with both
@ Continuous dynamics
(differential equations)

@ Discrete dynamics
(controIVdecisions)

“ — SE — MA
[VMA 3SB “Car always safe"]
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Hybrid Systems Analysis is Important for ...

T T
far ST neg SB cor
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@ Differential Dynamic Logic dC
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic
dC = DL + HP
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differential dynamic logic
dC = FOLg

v

v<1Vv?<2bh(MA-2)
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«
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic

dC = FOLp
4
YMAISB ... v <1V v2<2b(MA - z)
~
VE>0 ... | « Z
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[z = a]v? <2b

André Platzer (CMU) VSWSS'12 6 /36


http://symbolaris.com/

Differential Dynamic Logic for Hybrid Systems

differential dynamic logic
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[if(z > SB)a:=—b; 2" = a]v? < 2b

André Platzer (CMU) VSWSS'12 6 /36


http://symbolaris.com/
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differential dynamic logic
dC = FOLg + DL + HP

[if(z > SB)a:=—b; 2/ = a]v? <2b

-
hybrid program
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic
dC = FOLg + DL + HP

C — [if(z>SB)a:=—b; 2/ =a]v? <2b

-~
hybrid program
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic
dC = FOLg + DL + HP

C— [if(z>SB)a:=—b; 2/ =a]v?> <2b

-~
hybrid program
Initial
condition
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic
dC = FOLg + DL + HP

C— [if(z>SB)a:=—b; 2/ =a]v?> <2b

hybrid program

|t|aI System
condltlon dynamics
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic
dC = FOLg + DL + HP

C— [if(z>SB)a:=—b; 2/ =a]v?> <2b

Post
condition

hybrid program

|t|aI System
condltlon dynamics
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic
dC = FOLg + DL + HP

Compositional

/) T
§ )
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Differential Dynamic Logic dZ: Syntax

Definition (Hybrid program «)

x' = f(x) (continuous evolution)

x :=f(x) (discrete jump) _

?H (conditional execution) jump & test
;B (seq. composition)

aup (nondet. choice) Kleene algebra
a* (nondet. repetition)
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Differential Dynamic Logic dZ: Syntax

Definition (Hybrid program «)
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Branching Transitions in Hybrid Programs

ETCS = (ctrl; drive)” -
ctrl= (?MA — z < SB; a:= —b)
U (7MA —z>SB;a:= A) CT:;::' |
drive=7:=0,2 =v,v =a,7 =1 fr ST mz B oo MA
&v>0NT<¢
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Branching Transitions in Hybrid Programs

{MA—z>5B
if(H) aelsef =
while(H)a =
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Branching Transitions in Hybrid Programs

{MA—z>5B
if(H)aelse 8 = (?H; a) U (?—H; )
while(H)a = (?H;a)*; 7=H

ETCS = (ctrl; drive)” e
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Differential Dynamic Logic dZ: Syntax

Definition (dC Formula ¢)
0120 | ~¢|¢AY [ dVY|d—=9 |Vxd|Ix¢|[a]p | (a)¢

with terms 61,6, of nonlinear real arithmetic (+, )

SB> ... — |(ctrl;drive)"] z < MA RBC
All trains respect MA
RBC partitions MA w ST me 5B oo MA

= system collision free

André Platzer (CMU) VSWSS'12 9/ 36
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Differential Dynamic Logic dZ: Semantics

Definition (Hybrid program «)

p(x:=0) = {(v,w) : w=vexcept [x], = [6],}
p(PH) = {(v,v) = v = H}
p(x' = f(x)) = {(¢(0),¢(r)) : ¢ E x' = f(x) for some duration r}
plaUB) = p(a)Up(B)
pla; B) = p(B) o p(a)
pla) = |Jpla

neN

Definition (d€ Formula ¢)

vE 61 >0, iff |[01]]v > I[Hz]]v

v = [a]¢ iff w = ¢ for all w with (v, w) € p(«)

viE(a)¢ iff wi ¢ for some w with (v, w) € p(«)

v = Vxo iff w = ¢ for all w that agree with v except for x
vE Ixo iff w = ¢ for some w that agrees with v except for x

b N iff v ¢ and v
André Platzer (CMU) VSWSS'12 10 / 36
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Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

x = f(x)
x = [f(x)],
Example

1 i wix) = [9],
ow
oy and w(z) = v(z) for z # x

T t
0
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André Platzer (CMU) VSWSS'12 11 / 36


http://symbolaris.com/

Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

André Platzer (CMU) VSWSS'12 11 / 36


http://symbolaris.com/

Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

André Platzer (CMU) VSWSS'12 11/


http://symbolaris.com/

Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

Example

André Platzer (CMU) VSWSS'12 11 / 36


http://symbolaris.com/

Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

Example

André Platzer (CMU) VSWSS'12 11/


http://symbolaris.com/

Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

Example

André Platzer (CMU) VSWSS'12 11 / 36


http://symbolaris.com/

Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

Example

André Platzer (CMU) VSWSS'12 11/


http://symbolaris.com/

Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

Example

André Platzer (CMU) VSWSS'12 11/


http://symbolaris.com/

Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

Example

André Platzer (CMU) VSWSS'12 11 / 36


http://symbolaris.com/

Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

Example

André Platzer (CMU) VSWSS'12 11/


http://symbolaris.com/

Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

ifviEH
Example
X
no change if v = H
oV
otherwise no transition
T t
0
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Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

@ if v H

Example

no change if v = H

otherwise no transition
t
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Differential Dynamic Logic dZ: Semantics

Definition (Formulas ¢)
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Differential Dynamic Logic dZ: Semantics

Definition (Formulas ¢)

Qa-span

compositional semantics = compositional proofs!
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Ex: Car Co

Example (@ Single car car;)

a v X
6
05 o /
m
0.0
1 2 3 4 5 6 7t 4 8
-05 p
-10 2 4
-15 N : 2
20 1 2 3 4 5 6 7t t
1 2 3 4 5 6 7

-25 -2 -2

André Platzer (CMU) VSWSS'12 13 / 36
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Ex: Car Control

Control decision: accelerate or brake

Example ( Single car car;)

(a:=A Ua=-b); X=v,v =2

a v X
6
05 o /
m
0.0
1 2 3 4 5 6 7t 4 8
-05 p
-10 2 4
-15 N : 2
20 1 2 3 4 5 6 7t ¢
1 2 3 4 5 6 7
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Ex: Car Control

Repeat control decisions

Example ( Single car car;)

((a:=A Ua:==b); X' =v,V =a)

a % x
6
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Ex: Car Control

Repeat control decisions

Example ( Single car car;)

((a:=A Ua:==b); X' =v,V =a)

a v X
6
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Ex: Car Control

Velocity bound v > 0

Example (@ Single car car;)
(( a:=A Ua:=-b); X =v,v=a&v> 0)*

a % X
6
05 -
m
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A s
—05 p
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Ex: Car Control

Accelerate not always safe

Example (@ Single car car;)
((a:=A Ua:=—b); X' = v,v':a&VZO)*

a % X
6
05 ™ ~
0.0 ] t m
4 5 6 7' 8
~05 p
-10 2 4
-5 N ;2
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-2 t
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Ex: Car Control

Accelerate condition 7H

Example ( Single car car;)

((?H;a:=A)Ua:=—b); X = v,V =a&v >0)"

a % x
6
05 o
0.0 ] [ ] t m
s 6 7'y 8
~05 p
-10 2 4
-5 N ;2
) T2 3 4 5 6 7" ¢
T2 3 4 5 6 7
-25 -2 -2
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Ex: Car Control

Accelerate condition ?H depends on A

Example ( Single car car;)

((?H;a:=0)Ua:=—b); X' =v,V = a&v >0)"

a v x
6
05 -
m
00

4 6 7t 4 8

—05 p

-10 2 4

-5 ; ;2
o T2 3 4 s 6 7" ] ¢

T2 3 4 s 6 7
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Ex: Car Control & Sensors event-triggered

Example ( Single car car.)
((?H;a:=A)Ua:=—b); x':v,v':a&VZO)* j
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Ex: Car Control & Sensors event-triggered

Z
_——

Accelerate condition tests proximity to m

Example ( Single car car.)

(Pm—x>2a:=A)Ua:=—b); X = v,V =a&v>0)"

a v x
6
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-2 t
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Ex: Car Control & Sensors event-triggered

Miss event m — x < 2 = crash

Example (@ Single car car.)
(Pm—x>2a:=A)Ua:=—b); X = v,V =a&v>0)"

a v x
6
05 o ~
0.0 ] t m
4 5 6 7'u4 8
~05 p
-10 2 4
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Ex: Car Control & Sensors event-triggered

Guard forevent 1 < m—x <2 . /\\

Example (@ Single car car, event-triggered)
(Pm—x>2a:=A)Ua:==b); X' =v,v =a&v>0Am—x>1)" j

a v x
6
05 o
0.0 ] [ ] t m
s 6 7ty 8
~05 p
-10 2 4
-5 N ;2
5 T 2 3 4 5 6 7"
-2 t
T2 3 4 5 6 7
-25 -2 -2

André Platzer (CMU) VSWSS'12 14 / 36


http://symbolaris.com/
http://symbolaris.com/info/ex/KeYmaera--lics3c-event-safe-stuck.jnlp

Ex: Car Control & Sensors event-triggered

Z
_——

Guard for event 1 < m — x < 2 hard to implement

Example (  Single car car, event-triggered)
(Pm—x>2a:=A)Ua:==b); X' =v,v =a&v>0Am—x>1)" }

André Platzer (CMU) VSWSS'12 14 / 36


http://symbolaris.com/

Ex: Car Control & Sensors event-triggered

Careful with evolution domains!

Example (  Single car car, event-triggered)

(Pm—x>2a:=A)Ua:=—b); X' =v,v =a&v>0Am—x>1)"

a v X
5
05 o
0.0 ] [ t m
4 5 3 7" 4 8
-05 p
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-25 -2 -2

André Platzer (CMU) VSWSS'12 14 / 36


http://symbolaris.com/

Ex: Car Control & Sensors time-triggered

Example ( Single car car.)
((?H;a:=A)Ua:=—b); x':v,v':a&VZO)* j
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Ex: Car Control & Sensors time-triggered

Example ( Single car car. time-triggered)
(((?H;a::A)Ua::—b); X':v,v':a&VZO/\tSE)* j
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Ex: Car Control & Sensors time-triggered

Example ( Single car car. time-triggered)
(((?H;a::A)Ua::—b); X =v.vV=at=1&v>0A tgz-:)* j
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Ex: Car Control & Sensors time-triggered

Trigger control every < ¢ time units - sy

Example ( @Single car car. time-triggered)
((PH;a:=A)Ua:=—b); t:=0; X' =v,v =a,t' =1&v>0At < 6)*j

a v x
6
05 o
0.0 ] [ ] t m
s 6 7'y 8
~05 p
-10 2 4
-5 N ;2
5 T2 3 4 5 6 7"
-2 t
T 2 3 4 5 6 7
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Ex: Car Control & Sensors time-triggered

Really faster = inefficient e

Example ( @Single car car. time-triggered)
(PH;a:=A)Ua:=—b); t:=0; X' =v,v =a,t' =1&v > OAtge)*j
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Ex: Car Control & Sensors time-triggered

Really slower = crash . A

Example ( @Single car car. time-triggered)
(PH;a:=A)Ua:=—b); t:=0; X' =v,v =a,t' =1&v > OAtge)*j

a v X
6
0.5 10 S
m
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Ex: Car Control & Sensors time-triggered

Z
_——

Accelerate condition 7H depends on ...

Example ( @Single car car. time-triggered)
(PH;a:=A)Ua:=—b); t:=0; X' =v,v =a,t' =1&v > OAtgs)*}

a v x
6
05 o
0.0 ] [ ] t m
s 6 7'y 8
~05 p
-10 2 4
-5 N ;2
5 T2 3 4 5 6 7"
-2 t
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Ex: Car Control & Sensors time-triggered

Accelerate condition 7H depends on ... -

H=2b(m—x) > v?+ (A+ b)(Ac? + 2¢cv)

Example ( @Single car car. time-triggered)
(PH;a:=A)Ua:=—b); t:=0; X' =v,v =a,t' =1&v > OAtgs)*}
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Ex: Car Control Properties

Example (Single car car;)
(Pm—x>2a:=A)Ua:=—b); X = v,V =a&v>0)" j

a v x
6
05 o ~
0.0 ] t m
4 5 6 7'u4 8
~05 p
-1.0 2 4
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Ex: Car Control Properties

7

Example (Single car car;)

(Pm—x>2a:=A)Ua:=—b); X = v,V =a&v>0)"

Example (@ Drives forward)

a v X
5
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0.0 ] t m
4 5 6 75 4 8
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-10 2 4
-15 N : 2
_ 1 2 3 4 5 5 7t t
’ 1 2 3 4 5 6 7
-25 -2 -2

André Platzer (CMU) VSWSS'12 16 / 36


http://symbolaris.com/
http://symbolaris.com/info/ex/KeYmaera--lics2-hybrid-forward.jnlp

Ex: Car Control Properties

7

Example (Single car car;)

(Pm—x>2a:=A)Ua:=—b); X = v,V =a&v>0)"

Example (@ Drives forward)
v>O0ANA>0ADb>0—[cars]lv >0

a v X
5
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0.0 ] t m
4 5 6 75 4 8
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Ex: Car Control Properties

True initially, preserved by definition —

Example (Single car car;)

(Pm—x>2a:=A)Ua:=—b); X = v,V =a&v >0)"

Example (@ Drives forward)

v>0ANA>0ADb>0— [cars]v >0

a v X
6
05 10 ~
0.0 ] t m
4 5 6 7'u4 8
~05 p
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Ex: Car Control Properties time-triggered

H=2b(m—x) > v?+ (A+ b)(Ae? + 2¢v) e

Example (Single car car. event-triggered)
(((?H;a::A)Ua::—b); t=0; X =v,vV =3t =1&v > OAtgs)*}

a v X
6

05 o

0.0 ] [ ] t m
56 75 4 8
-05 p
1.0] 2 4
1.5 : 2
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. t
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Ex: Car Control Properties time-triggered

H =2b(m —x) > v? + (A+b) (Ae? + 2¢ev) ey

Example (Single car car. event-triggered)

(((?H;a::A)Ua::—b); t:=0; X':v,v':a,tlzl&VZO/\tge)*

Example (@ Stays before traffic light m)
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Ex: Car Control Properties time-triggered

H =2b(m —x) > v? + (A+b) (Ae? + 2¢ev) ey

Example (Single car car. event-triggered)

(((?H;a::A)Ua::—b); t:=0; X':v,v':a,tlzl&VZO/\tge)*

Example (@ Stays before traffic light m)

v2 <2b(m—x)ANA>0Ab>0— [car]x < m

a v X
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Ex: Car Control Properties time-triggered

v
—

H=2b(m—x) > v?+ (A+ b)(Ae? + 2¢v)

Example (Single car car. event-triggered)

(((?H;a::A)Ua::—b); t:=0; X':v,v':a,tlzl&VZO/\tge)*

Example (@ Live, can move everywhere)

André Platzer (CMU)
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Ex: Car Control Properties time-triggered

H =2b(m —x) > v? + (A+b) (Ae? + 2¢ev) ey

Example (Single car car. event-triggered)

(((?H;a::A)Ua::—b); t:=0; X':v,v':a,tlzl&VZO/\tge)*

Example (@ Live, can move everywhere)

e>0NA>0Ab>0— VpIm(car.)x > p

a v X

05 6 o
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56 7ty
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Ex: Car Control Properties time-triggered

H =2b(m —x) > v? + (A+b) (Ae? + 2¢ev) ey

Example (Single car car. event-triggered)

(((?H;a::A)Ua::—b); t:=0; X':v,v':a,tlzl&VZO/\tge)*

Example (@ Stays before traffic light m)

v2 <2b(m—x)ANA>0Ab>0— [car]x < m

a v X

André Platzer (CMU) VSWSS'12 17 / 36
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Ex: Car Control Properties time-triggered

H =2b(m —x) > v? + (A+b) (Ae? + 2¢ev) ey

Example (Single car car. event-triggered)

(((?H;a::A)Ua::—b); t:=0; X':v,v':a,tlzl&VZO/\tge)*

Example (@ Stays before traffic light m if braking would)

X =v,v==bIx <mAv>0ANA>0Ab>0— [car]x < m

a % X

05 6 -
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Ex: Car Control Properties time-triggered

Example (@ Controllability equivalence)

vZO/\b>0—>(v2§2b(m—x)<—>[x':v,v’:—b]xgm)

Example (Single car car. event-triggered)

(((?H;a::A)Ua::—b); t:=0; X':v,v':a,tlzl&VZO/\tge)*

Example (@ Stays before traffic light m if braking would)

X =v,v==bIx <mAv>0ANA>0Ab>0— [car]x < m

a v X
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Ex: Car Control Properties time-triggered

Example ()
H=

Example (Single car car. event-triggered)

(((?H;a::A)Ua::—b); t:=0; X':v,v':a,tlzl&VZO/\tge)*

Example (@ Stays before traffic light m if braking would)

X =v,v==bx<mAv>0ANA>0Ab>0— [car]x <m

a v X
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00 ] [ m
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Ex: Car Control Properties time-triggered

Example (€@ Model-predictive control)

H=[t:=0;x=v,V/=At' =1&v>0At<¢|[xX =v,v = —blx <m

Example (Single car car. event-triggered)

(((?H;a::A)Ua::—b); t:=0; X':v,v':a,tlzl&VZO/\tgs)*

Example (@ Stays before traffic light m if braking would)

X =v,v==bx<mAv>0ANA>0Ab>0— [car]x <m
a v X
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Ex: Car Control Properties time-triggered

Example (@ Model-predictive control equivalence)

H=[t:=0x=v,V =At =1&v>0At<e][xX =v,v =—blx<m
& 2b(m—x) > v? + (A+ b) (Ae® + 2ev)

Example (Single car car. event-triggered)

(((?H;a::A)Ua::—b); t:=0; X':v,v':a,tlzl&VZO/\tgs)*

Example (@ Stays before traffic light m if braking would)

X =v,v==bx<mAv>0ANA>0Ab>0— [car]x <m
a v X

00 ] [ “Fm
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Ex: Car Control dL MPC Design

Example (@ d-based model-predictive control design trafo)
Av>0NA>0ADb>0—

[((

(7 ;
a:=A)

Ua:=—b);

t:=0; x’=v,v’=a,t’=1&v20/\t§€)*]x§m

a v X
0.5 o 10|
" — s T S ; m
s 6 7ty 8
-05 p
~1.0] 2 4
-15 N P
> 1 2 3 4 5 6 7t ¢
I 2 3 4 5 6 7
-2 -2 -2
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Ex: Car Control dL MPC Design

Example (@ d-based model-predictive control design trafo)
777 Av>0NA>0Ab>0—

[((

(7 ;
a:=A)

Ua:=—b);

t:=0; x’=v,v’=a,t’=1&v20/\t§€)*]x§m

a v X
0.5 o 10|
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-05 p
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Ex: Car Control dL MPC Design

Example (@ d-based model-predictive control design trafo)
X =v,v/=—=bx<mAv>0NA>0Ab>0—

[((

(7 ;
a:=A)

Ua:=—b);

t:=0; x’=v,v’=a,t’=1&v20/\t§€)*]x§m

a v X
0.5 o 10|
" — s T S ; m
s 6 7ty 8
-05 p
~1.0] 2 4
-15 N .2
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Ex: Car Control dL MPC Design

Example (@ d-based model-predictive control design trafo)
X =v,v/==bx<mAv>0NA>0Ab>0—

@ :
a:=A)
Ua:=—b);

t:=0; x’=v,v’=a,t’=1&v20/\t§€)*]x§m

a v X
0.5 o 10|
" — s T S ; m
s 6 7ty 8
-05 p
~1.0] 2 4
-15 N P
> 1 2 3 4 5 6 7t ¢
I 2 3 4 5 6 7
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Ex: Car Control dL MPC Design

Example (@ d-based model-predictive control design trafo)
X =v,v/==bx<mAv>0NA>0Ab>0—

[(C

Clt=0x=v,v =At/ =1&v>0Nt<e][xX =v,V = —b]x < m;

a:=A)
Ua:=—b);
t:=0; x’=v,v’=a,t’=1&v20/\t§€)*]x§m

a v X

0.5 o 10|
. — s T S ; m

s 6 7ty 8
05 p
~1.0] 2 4
-15 .2

N 1 2 3 4 5 6 7t ¢

I 23 4 5 6 7
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Ex: Car Control dL MPC Design

Example (@ d-based model-predictive control design trafo)
X =v,v/=—=bx<mAv>0NA>0Ab>0—

[(C

Plt=0x=v,v =At/ =1&v> 0Nt <e][xX =v,V = —b]x < m;

a:=A)
Ua:=—b);
t:=0; x’=v,v’=a,t’=1&v20/\t§€)*]x§m

a v X

0.5 o 10|
. — s T S ; m

s 6 7ty 8
05 p
~1.0] 2 4
-15 .2
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Ex: Car Control dL MPC Design

Example (@ d-based model-predictive control design trafo)
v2<2b(m—x) Av>0ANA>0AbL>0—

(
[((?[t:zo;x’:v,v’:A,t’zl&VZO/\tge][x’:v,v’:—b]xgm;
a:=A)
Ua:=—b);
t:=0; x’=v,v’=a,t’=1&v20/\t§€)*]x§m

a v X
0.5 o 10|
. — s T S ; m
s 6 7ty 8
05 p
~1.0] 2 4
-15 .2
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Ex: Car Control dL MPC Design

Example (@ d-based model-predictive control design trafo)
v2§2b(m—x) Av>0NA>0ADb>0—

(
[((?[t::O;X’:v,v’:A,t’zl&vZO/\tgs][x’:v,v’:—b]xgm;
a:=A)
Ua:=—b);
t:=0; x’=v,v’=a,t’=1&v20/\t§€)*]x§m

a v X
0.5 o 10|
. — s T S ; m
s 6 7ty 8
05 p
~1.0] 2 4
-15 .2
) 1 2 3 4 5 6 7t ¢
I 23 4 5 6 7
—25 -2 -2
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Ex: Bouncing Ball Properties

if(H)aelse s = (?H; a) U (?7-H; B) \

while(H)a = (?H;a)*; 7—=H

Example (@ Bouncing ball)
(h’—v vVi=—g&h>0;
if (h =0) then
vi=—cv

fi)"

Example (Bouncing ball height?)
h=HAh>0Ag>0— [ball(0 < h< H)
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Ex: Bouncing Ball Properties

if(H)aelse s = (?H; a) U (?7-H; B) \

while(H)a = (?H;a)*; 7—=H

Example (@ Bouncing ball)

(W =v, v’:—g&h>0
if (h =0) the

vi=—cv
fi)"

Example (Bouncing ball height?)
h=HAh>0Ag >

IA
>
IA
=

Not if ¢ > 1 anti-damping
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Ex: Bouncing Ball Properties

if(H)aelse s = (?H; a) U (?7-H; B) x

while(H)a = (?H;a)*; 7—=H

Example (@ Bouncing ball)

(W =v, v’:—g&h>0
if (h =0) the

vi=—cv
fi)"

Example (Bouncing ball height?)
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IA
>
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Arbitrarily Nested Modalities and Nested Quantifiers

Example (Nest boxes and be happy)
o [RB(]partitioned — 3SB (Train)[RB(]safe
o ([Train]safe) < % <m-z...
o [rbc](M — [spd](SB := x*)[atp; drive]safe)

o [aircrafty](aircrafty)separate

André Platzer (CMU) VSWSS'12 20 / 36
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Outline
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Differential Dynamic Logic dZ: Axiomatization

(=D x:=0l(x)]l¢x < [(x)]p0
(7D) [PHlg < (H = ¢)
([N X' =f()lo < Ve=0[x:=y(t)]¢ (v'(t) = f(¥))
(VD) [auple < [a]oA[Ble
(GD  [es Ble < [o[Ble
(D [er]e < o Ale]ler]o
(K)  [ed(¢ = ) = ([a]¢ — [a]¥)
() [a7l(¢ = [a]®) = (¢ — [a"]9)
Q) [a]vv>0(p(v) = (@)p(v — 1)) = Vv (p(v) = (o) TFv<0p(v))
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(MP)
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Differential Dynamic Logic dZ: Axiomatization

(G)

(MP)

(¥)

(B)
(V)

Vx [a]d —
¢ — [a]o

[a]vx ¢ (x & @)
(FV(¢) N BV(a) = 0)
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Proof Calculus for Differential Dynamic Logic

x X =
[x:=0]¢
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Proof Calculus for Differential Dynamic Logic

x X =
[x:=0]¢

x' = f(x)
V20 [x = (1)l ®—>@
[x = f(x)]¢
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Proof Calculus for Differential Dynamic Logic

x:=0
X =00 ®—’@
x' = f(X)
Vt>0[x := yu(t)]o ®—j@
X' = f(x)]o

x 1= yx(t)

VSWSS'12 23 / 36
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Proof Calculus for Differential Dynamic Logic

compositional semantics = compositional rules!
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Proof Calculus for Differential Dynamic Logic
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Proof Calculus for Differential Dynamic Logic

(v )o
(o] A [l 0

LR aup
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Deduction Modulo Real Arithmetic

RBC

T T
far ST neg SB cor MA

v>0ANz<MA— (Z=v,v =-b)z>MA
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Deduction Modulo Real Arithmetic

RBC

T T
far ST neg SB cor MA

v>0,z<MA—3t>0(z:=—3t°+ vt +2z)z> MA
v>0,z<MA—=(Z=v,v=-b)z> MA
v>0ANz<MA— (Z=v,v =-b)z>MA
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Deduction Modulo Real Arithmetic

RBC

T T
far ST neg SB cor MA

[Collins/Tarski QE not applicable!]

v>0,z<MA—3t>0(z:= -3t + vi+2)z> MA
v>0,z<MA—=(Z=v,v =-b)z> MA
v>0ANz<MA— (Z=v,v =-b)z>MA
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Deduction Modulo (Side Deduction)

RBC

T T
far ST neg SB cor MA

v>0,z<MA—=t>0A(z:=—2t°+vt+2z)z > MA
start
side
v>0,z<MA—=3t>0(z:=—3t°+ vt +2z)z> MA
v>0,z<MA—=(Z=v,v =-b)z> MA

v>0ANz<MA— (Z=v,v =-b)z>MA
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Deduction Modulo (Side Deduction)

RBC

Frr T —
far ST neg SB cor MA

v>0,z<MA—=-224+vt+z>MA
v>0,z< MA —t>0 v>0,z< MA—(z:= —§t2+vt+z>z>I\A

v>0,z<MA—t>0A(z:=—2t°+vt+2z)z > MA
start
side
v>0,z<MA—=3t>0(z:=—3t°+ vt +2z)z> MA
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Deduction Modulo (Side Deduction)

RBC

=5 N
Frr T —
far ST neg SB cor MA

v>0,z<MA—=-224+vt+z>MA
v>0,z< MA —t>0 v>0,z< MA —><z:=—§t2+vt+z>z>l\A
v>0,z<MA—t>0A(z:=—2t°+vt+2z)z > MA

start
v>0,z<MA—QE(St(...t>0A —2t2 + vt 4+ z > MA)) %ide
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RBC
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start
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Deduction Modulo (Free Variables for Automation) »

RBC

T T
far ST neg SB cor MA

v>0,z<MA—3t>0(z ::—§t2+vt+z)z>MA
v>0,z< MA—=(Z =v,v =—-b)z> MA
v>0ANz< MA— (Z =v,v =—b)z> MA
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Deduction Modulo (Free Variables for Automation) »

RBC

T T
far ST neg SB cor MA

vZO,z<MA—>—§T2—|—vT+z>MA
v>0,z< MA—-T2>0 vZO,z<MA—)(z::—gT2+vT+z)z>M

v>0,z<MA—-T>0A(z:=—2T°+vT +2)z> MA

v>0,z<MA—=3t>0(z:=—2t" + vt + z)z>MA

v>0,z< MA—=(Z =v,v =—-b)z> MA

v>0ANz< MA— (Z =v,v =—-b)z> MA
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Deduction Modulo (Free Variables for Automation) »

RBC

T T
far ST neg SB cor MA

v>0,z<MA— 3T(..T>0AN-2T24vT +2z> MA)
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RBC

T T
far ST neg SB cor MA

v>0,z<MA—=QE(ET(...T>0A-2T24+VvT 4z > MA))
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Deduction Modulo (Free Variables for Automation) »

RBC

T T
far ST neg SB cor MA

v>0,z<MA—v2>2b(MA - 2)

vZO,z<MA—>—§T2—|—vT+z>MA
v>0,z< MA—-T2>0 vZO,z<MA—)(z::—gT2+vT+z)z>M

v>0,z<MA—-T>0A(z:=—2T"+vT +2)z> MA

v>0,z<MA—=3t>0(z:=—2t" + vt + z)z>MA

v>0,z< MA —=(Z =v,v =—-b)z> MA

v>0ANz< MA— (Z =v,v =—-b)z> MA
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Deduction Modulo (Free Variables for Automation) »

RBC

o For requantification, not for unification T v v

v>0,z<MA—=QE(ET(...T>0A-2T24VvT 4z > MA))
v>0,z< MA —>—§T2+VT+Z> MA
v>0,z< MA—=T>0 v>0,z<MA—(z:=-2T°+vT +2z)z> M
v>0,z<MA-T>0A(z:=—2T°+vT +2)z> MA
v>0,z<MA—=3t>0(z:=—2t" + vt + z)z>MA
v>0,z< MA—=(Z =v,v =—-b)z> MA
v>0ANz< MA— (Z =v,v =—b)z> MA
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Deduction Modulo (Free Variables for Automation) »

(X <9)

Vs (X <s)

IxVs(x < s)

André Platzer (CMU)
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Deduction Modulo (Free Variables for Automation) »

QE(VSIX(X < 9))

(X<9)
Vs (X <s)
IxVs(x < s)
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Deduction Modulo (Free Variables for Automation) »

QE(VSIX(X < S)) QE(IXVS(X < S5))
(X<9)
Vs (X <s)
IxVs(x < s)
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Deduction Modulo (Free Variables for Automation) »

true false
QE(VSIX(X <9)) QE(IXVS(X <5))
(X<9)
Vs (X <s)
IxVs(x < s)
false!
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Deduction Modulo (Free Variables for Automation) »

tru false
QE (X <9S)) QE(IXVS(X <5))
(X<9)
Vs (X <s)
IxVs(x < s)
false!
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Deduction Modulo (Free Variables & Skolemisation) -~

[Skolemisation S(X)]

false
QE(IXVS(X <5))
(X < 5(X))
Vs (X <s)
IxVs(x < s)
false!

André Platzer (CMU)
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Differential Dynamic Logic d.: Simple ETCS

/* initial state characterization x/

(v'2 <= 2«bx(m-z) & b>0 & A>=0) —>

AV
SB := (v"2)/(2«b) + ((A/b)+1) x ((A/2)xep™2+epxv);
((?m-z <= SB; a:= —b) ++ (?m-z >= SB; a:=A));
t:=0;
{z'=v, v'=a, t'=1, (v >= 0&t <= ep)} /% drive =/

) * /* repeat these transitions x/
\] (z < m) /* safety / postcondition x/

RBC

T - e
far ST neg SB cor MA

ETCS Train Control [bug]
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Parametric Skeleton of ETCS

Read from the informal specification. . .
ETCSsker : (trainU RBC)”

train . spd; atp; drive
spd  (rv<mr; rai=x 7—b<T1.a<A)

U(?r.v > mr; Ta:=x% 7—b<71.a<0)
atp :if(m.e — 7.z < SB V RBC.message = emergency) 7.a := —b
drive 1 t:=0; (1.2 =7v,7v =13,/ =1&7v>0At <¢)
RBC : (RBC.message := emergency) U (m:==x; ?m.r > 0)
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Parametric Skeleton of ETCS

As transition system. ..

Cmozzmc mi=x

7.7 =TV,
TV =Tat =1

je.message = emergenc, US> OAL<e

?(m.e — 7.z < SBV
rbc.message = emergency)

:7T.v < m.r: T.9:=% :? —b<t.a< AO\

?m.e — 1.z > SBA
bc.message # emergency)

:7T.v > m.r: T.9:= % : 0>71.a>—-b
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Soundness

Theorem (Soundness)

dL calculus is sound, i.e., all provable dC formulas are valid:

F ¢ implies F ¢

What about the converse?
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Soundness

Theorem (Soundness)

dL calculus is sound, i.e., all provable dC formulas are valid:

F ¢ implies F ¢

What about the converse?

(s:=s+2n+1;n:=n+1)" ~ s=n?
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dL calculus is sound, i.e., all provable dC formulas are valid:
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x' =5 ~  x(t) =5t+xo
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Theorem (Soundness)
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F ¢ implies F ¢

What about the converse?
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Soundness

Theorem (Soundness)

dL calculus is sound, i.e., all provable dC formulas are valid:

F ¢ implies F ¢

What about the converse?

si=s+2n+1;n:=n+1)" ~ s=n’

x' =5 ~  x(t) =5t + xp

x' = x ~  x(t) = xpe"

X" = —x ~  x(t) =xpcost+ x|sint

André Platzer (CMU) VSWSS'12 30 /


http://symbolaris.com/

Incompleteness

Discrete fragment and continuous fragment of dC characterize N

Discrete fragment: (x:=x+1)") x=n

+1 +1 +1 +1 +1
—e—0e—0—r0—>e

Continuous fragment:

(s"=—s,7 =1)(s=0AT=n) ~ § = sin

AN
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Complete Proof Theory of Hybrid Systems

Theorem (Relative Completeness) (J.Autom.Reas. 2008)
dL calculus is a sound & complete axiomatization of hybrid systems
relative to differential equations.
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Complete Proof Theory of Hybrid Systems

Theorem (Continuous Relative Completeness) (J.Autom.Reas. 2008)

dL calculus is a sound & complete axiomatization of hybrid systems

relative to differential equations.
Theorem (Discrete Relative Completeness) (LICS'12)
dl calculus is a sound & complete axiomatization of hybrid systems

relative to discrete dynamics.
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Complete Proof Theory of Hybrid Systems

Theorem (Continuous Relative Completeness) (J.Autom.Reas. 2008)

dL calculus is a sound & complete axiomatization of hybrid systems

relative to differential equations.

Theorem (Discrete Relative Completeness) (LICS'12)

dl calculus is a sound & complete axiomatization of hybrid systems

relative to discrete dynamics.
Hybrid

Continuous Discrete
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Complete Proof Theory of Hybrid Systems

Theorem (Continuous Relative Completeness) (J.Autom.Reas. 2008)

dL calculus is a sound & complete axiomatization of hybrid systems

relative to differential equations.
Theorem (Discrete Relative Completeness) (LICS'12)
dl calculus is a sound & complete axiomatization of hybrid systems

relative to discrete dynamics.

Continuous Discrete
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differential dynamic logic o~
a6 Gy 6
p df = DL + HP e
oy
KeYmaera

170 stare ¢ [ Prune proof | [ Reuse | ||[ER[MRTE] B Proot cosed

Logic for hybrid systems
Logic + distributed hybrid systems

Compositional proofs
Sound & complete / ODE
Differential invariants

°
°
@ Logic + stochastic hybrid systems
o
o
o
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Soundness «

Proof (Soundness).

o x' = f(x)
@ Side deductions

@ Free variables & Skolemisation

O
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Discrete fragment and continuous fragment of dC characterize N

Discrete fragment: (x:=x+1)") x=n

+1 +1 +1 +1 +1
—e—0e—0—r0—>e

Continuous fragment:

(s"=—s,7 =1)(s=0AT=n) ~ § = sin

AN
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Relative Completeness ‘

Theorem (Relative Completeness)

dC calculus is complete relative to first-order logic of differential equations.

E gb iff  Tautpop F (,25

where FOD = FOLg + [x] = 01,...,x,, = 0,]F
M " J_Ll—l_lj_‘ ’ @
continuous discrete repeat
4
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Theorem (Relative Completeness)

dC calculus is complete relative to first-order logic of differential equations.
Eo¢ iff Tautpop - @

where FOD = FOLg + [x] = 01,...,x,, = 0,]F

S O

Cook,Harel: discrete-DL /data P.:  hybrid-dC/differential equations
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Theorem (Relative Completeness)

dC calculus is complete relative to first-order logic of differential equations.
Eo¢ iff Tautpop - @

where FOD = FOLg + [x] = 01,...,x,, = 0,]F

S O

Corollary (Proof-theoretical Alignment)

verification of hybrid systems = verification of dynamical systems!
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Theorem (Relative Completeness)

dC calculus is complete relative to first-order logic of differential equations.
Eo¢ iff Tautpop - @

where FOD = FOLg + [x] = 01,...,x,, = 0,]F

Corollary (Deductive Power)

dC calculus is supremal hybrid verification technique
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Relative Completeness Proof

E ¢ iff Tautrop F ¢
where FOD = FOLg + [x| = 61,...,x, = 0,]F

Proof (Relative Completeness, 10 pages) « Return

@ Strong invariants and variants expressible in dC

@ dL expressible in FOD

@ valid dL formulas d£-derivable from corresponding FOD axioms

@ finite FOD formula characterising unbounded hybrid repetition

© FOD characterises R-Godel encoding

O First-order expressible & program rendition: V¢ 4F € FOD E ¢ < F
@ Propositionally & first-order complete

@ Relative complete for first-order safety F — [a]G

Q Relative complete for first-order liveness F — (a)G

O
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Proof (R-Godel encoding) « Return |

FOD characterises constructive bijection R — R?
X
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Relative Completeness Proof

where FOD = FOLg + [ = 61,...,x, = 0,]F

Proof (R-Godel encoding) « Return |

FOD characterises constructive bijection R — R?

= 0.3132 000

= bi
Z (22:+1 22:+2> O.a1byazby ..
-0

I\J|c~ M|m

—O.b1b2...

O
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Relative Completeness Proof

where FOD = FOLg + [x| = 01,...,x, = 0,]F
Proof (R-Godel encoding)

< Return |

FOD characterises constructive bijection R — R?

= 0.3132 000

= b
Z (22:+1 22:+2> O.a1byazby ..
7 =0.biby.. -

M|c_- M|m

"=z & (x:=1L7:=0;X=xIn2A7 =1)(t=nAx=2)
In2=z « (x:=17:=0xX=xA7T =1)(x=2AT7=2)

O
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@ Air Traffic Control
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Verification?
looks correct
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Air Traffic Control «

N
\
>
/

Verification?
looks correct NO!
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Air Traffic Control '

S
Y2
0
w
T2 %ﬁ ¢
. d ‘
Ty Y1
X{ = —vitvpcos ¥ + wxo
Xy = vasind — wxy
9 = = —w

Verification?

looks correct NO!

André Platzer (CMU)
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Air Traffic Control «

3
Y2
0
w
T2 %ﬁ €
1 d 1
T Y1
x| = —Vvi+vacost) + wxo
xé = Vo sin 1 — wxy
¥ = w—w

Example (“Solving” differential equations)

xi(t) = — (Xlww €os tw — Vow cos tw sin ¥ + vow cos tw cos tww sin ¥ — viwo sin tw
ww

+ XoWoT SN tw — Vaw €os 1Y €os oo sin tw — vowV 1 — sin Y2 sin tw
+ vow cos ¥ cos tw sin two + vow sin ¥ sin tw sin tw) ...
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w
T2 %ﬁ €
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T Y1
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xé = Vo sin 1 — wxy
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Example (“Solving” differential equations)

V>0 — (xlww €os tw — Vow €os tw sin ¥ + vow cos tw cos tw sin 1 — vy sin tw
ww

+ Xowwo Sin tw — Vaw €os Y cos tw sin tw — vwV 1 — sin 92 sin tw
+ vow cos ¥ cos tw sin two + vow sin ¥ sin tw sin tw) ...
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\forall R ts2.
(0 <= ts2 & ts2 <= t2_0
-> ¢ (om_1)"
* (omb_1)"-1
* ( om_1 * omb_1 * x1 * Cos(om_1 * ts2)

+ om_1 * v2 * Cos(om_1 * ts2) * (1 + -1 * (Cos(u))"2)"(1 / 2)
+ -1 % omb_1 * vi1 * Sin(om_1 * ts2)
+ om_1 * omb_1 * x2 * Sin(om_1 * ts2)
+ om_1 * v2 * Cos(u) * Sin(om_1 * ts2)
+ -1 % om_1 * v2 * Cos(omb_1 * ts2) * Cos(u) * Sin(om_1 * ts2)
+ om_1 * v2 * Cos(om_1 * ts2) #* Cos(u) * Sin(omb_1 * ts2)
+ om_1 * v2 * Cos(om_1 * ts2) * Cos(omb_1 * ts2) * Sin(u)
+om_1 * v2 * Sin(om_1 * ts2) * Sin(omb_1 * ts2) * Sin(u)))
“2
+  ( (om_1)"-1
* (omb_1)"-1

* (-1 % omb_1 * vl * Cos(om_1 * ts2)

om_1 * omb_1 * x2 * Cos(om_1 * ts2)

omb_1 * vl * (Cos(om_1 * ts2))°2

om_1 * v2 * Cos(om_1 * ts2) * Cos(u)

-1 * om_1 * v2 * Cos(om_1 * ts2) * Cos(omb_1 * ts2) * Cos(u)
-1 % om_1 * omb_1 * x1 * Sin(om_1 * ts2)

-1

om_1

v2

(1 + -1 % (Cos(w)"2)~(1 / 2)

Sin(om_1 * ts2)

omb_1 * v1 * (Sin(om_1 * ts2))"2

-1 % om_1 * v2 * Cos(u) * Sin(om_1 * ts2) * Sin(omb_1 * ts2)
-1 % om_1 * v2 * Cos(omb_1 * ts2) * Sin(om_1 * ts2) * Sin(u)
om_1 * v2 * Cos(om_1 * ts2) * Sin(omb_1 * ts2) * Sin(u)))

+ o+ o+ o+

*
*
*
*

+ + + +

“2
>= (p)"2),
t2_0 >= 0,
X172 + x2°2 >= (p)~2
==>
André Platzer (CM
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\forall R t7.

( t7>0
-> C (om_3)"-1
* ( om_3
* ( (om_1)"-1
* (omb_1)"-1
* ( om_1 * omb_1 * x1 * Cos(om_1 * t2_0)
+ om_1
* v2

* Cos(om_1 * t2_0)

* (1 + -1 % (Cos(w)"2)~(1 / 2)

+ -1 % omb_1 * v1 * Sin(om_1 * t2_0)
+ om_1 * omb_1 * x2 * Sin(om_1 * t2_0)
+ om_1 * v2 * Cos(u) * Sin(om_1 * t2_0)
+ -1

om_1

v2

Cos(omb_1 * £2_0)

Cos (u)

Sin(om_1 * t2_0)

+ om_1

v2

Cos(om_1 * t2_0)

Cos (u)

Sin(omb_1 * t2_0)

+ om_1

v2

Cos(om_1 * t2_0)

Cos(omb_1 * t2_0)

Sin(u)

+ om_1

v2

Sin(om_1 * t2_0)

Sin(omb_1 * t2_0)

Sin(u)))

* ok X % * kX ¥ * Ok X X X

* Ok X %

André Platzer (CM
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* Cos(om_3 * t5)
+  v2
* Cos(om_3 * t5)
* (1
+ -1
* (Cos(-1 * om_1 * t2_0 + omb_1 * t2_0 + u + Pi / 4))"2)
“1/2)
+ -1 % vl * Sin(om_3 * t5)
+ om_3
* ( (om_1)"-1
* (omb_1)"-1
* (-1 *x omb_1 * vl * Cos(om_1 * t2_0)

+ om_1 * omb_1 * x2 * Cos(om_1 * t2_0)
+ omb_1 * vi * (Cos(om_1 * t2_0))"2
+ om_1 * v2 * Cos(om_1 * t2_0) * Cos(u)
+ -1

* om_1

* v2

* Cos(om_1 * t2_0)

* Cos(omb_1 * t2_0)

* Cos(u)
+ -1 % om_1 * omb_1 * x1 * Sin(om_1 * t2_0)
+ -1

* om_1

* v2

* (1 + -1 % (Cos(u))"2)"(1 / 2)
* Sin(om_1 * t2_0)

+ omb_1 * vl * (Sin(om_1 * t2_0))"2
+ -1

* om_1

* v2

* Cos(u)

* Sin(om_1 * t2_0)

* Sin(omb_1 * t2_0)

André Platzer (CM
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+ -1

om_1

v2

Cos(omb_1 * t2_0)

Sin(om_1 * t2_0)

Sin(u)

+ om_1

v2

Cos(om_1 * t2_0)

Sin(omb_1 * t2_0)

Sin(u)))

Sin(om_3 * t5)

+ v2

Cos(-1 * om_1 * t2_0 + omb_1 * t2.0 + u + Pi / 4)
Sin(om_3 * t5)

+ V2

(Cos(om_3 * t5))"2

Sin(-1 * om_1 * t2.0 + omb_1 * t2.0 + u + Pi / 4)
+  v2

(Sin(om_3 * t5))"2

Sin(-1 * om_1 * t2_0 + omb_1 * t2_0 + u + Pi / 4)))

EEE

*
PR

* ¥

* *

* ¥

“2
+ ( (om_3)"-1
* (-1 *x vl * Cos(om_3 * t5)
+ om_3
* ( (om_1)"-1
* (omb_1)"-1
* (-1 *x omb_1 * vl * Cos(om_1 * t2_0)
+ om_1 * omb_1 * x2 * Cos(om_1 * t2_0)
+ omb_1 * v1 x (Cos(om_1 * t2_0))"2
+ om_1 *x v2 * Cos(om_1 * t2_0) * Cos(u)
+ -1
om_1
v2
Cos(om_1 * t2_0)
Cos(omb_1 * £2_0)
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+

-1 % om_1 * omb_1 * x1 * Sin(om_1 * t2_0)
+ -1
om_1
v2
(1 + -1 % (Cos(u)"2)"(1 / 2)
Sin(om_1 * t2_0)
omb_1 * vi * (Sin(om_1 * £2_0))"2
+ -1
om_1
v2
Cos (u)
Sin(om_1 * t2_0)
Sin(omb_1 * t2_0)
+ -1
om_1
v2
Cos(omb_1 * t2_0)
Sin(om_1 * t2_0)
Sin(u)
+ om_1
v2
Cos(om_1 * t2_0)
Sin(omb_1 * t2_0)
Sin(u)))
* Cos(om_3 * t5)
+ vl * (Cos(om_3 * t5))"2
+  v2
Cos(om_3 * t5)
Cos(-1 * om_1 * t2_0 + omb_1 * t2_0 + u + Pi / 4)
+ -1
* v2
(Cos(om_3 * t5))"2
Cos(-1 * om_1 * t2_0 + omb_1 * t2_.0 + u + Pi / 4)

*
*
*
*

+
PRI EEE * K X X ¥

* ¥

* ¥
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+ -1
* om_3
* ( (om_1)"-1
* (omb_1)"-1
* ( om_1 * omb_1 * x1 * Cos(om_1 * t2_0)
+ om_1
* v2
* Cos(om_1 * t2_0)
* (1 + -1 % (Cos(u))~2)"(1 / 2)
-1 % omb_1 * vi * Sin(om_1 * t2_0)
om_1 * omb_1 * x2 * Sin(om_1 * t2_0)
om_1 * v2 * Cos(u) * Sin(om_1 * t2_0)
-1
om_1
v2
Cos(omb_1 * t2_0)
Cos (u)
Sin(om_1 * t2_0)
+ om_1
v2
Cos(om_1 * t2_0)
Cos (u)
Sin(omb_1 * t2_0)
+ om_1
v2
Cos(om_1 * t2_0)
Cos(omb_1 * t2_0)
Sin(u)
+ om_1
v2
Sin(om_1 * t2_0)
Sin(omb_1 * t2_0)
Sin(u)))
* Sin(om_3 * t5)

+ o+ o+
LR O LR I

* K X ¥

*
*
*
*
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+ -1
* (Cos(-1 * om_1 * t2_0 + omb_1 * t2_.0 + u + Pi / 4))°2)

“1/2)
* Sin(om_3 * t5)

+ vl * (Sin(om_3 * t5))"2

+ -1
* v2
* Cos(-1 * om_1 * t2_0 + omb_1 * t2_0 + u + Pi / 4)
* (Sin(om_3 * t5))"2))

"2
>= (p)~2)

This is just one branch to prove for aircraft ...
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Differential Invariants for Differential Equations

“Definition” (Differential Invariant)

“Formula that remains true in the direction of the dynamics”
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Differential Invariants for Differential Equations

“Definition” (Differential Invariant)
“Formula that remains true in the direction of the dynamics”
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Differential Induction: Local Dynamics w/o Solutions -

Definition (Differential Invariant) (J.Log.Comput. 2010) »

F closed under total differentiation with respect to differential constraints
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Definition (Differential Invariant) (J.Log.Comput. 2010) »

F closed under total differentiation with respect to differential constraints

(x — F')

X = F=[xX'=0&x]F

F — [o]F
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Differential Induction: Local Dynamics w/o Solutions -

Definition (Differential Invariant) (J.Log.Comput. 2010) »

F closed under total differentiation with respect to differential constraints

(x = F) (~FAx— FY)
X = F=[xX'=0&x]F [X =0&—Flx—(xX'=0& x)F
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Differential Induction: Local Dynamics w/o Solutions -

Definition (Differential Invariant) (J.Log.Comput. 2010) »

F closed under total differentiation with respect to differential constraints

[Total differential F’ of formulas?]
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Ex: - Nonlinear Dynamics

3> -1 5K =(x-3)*+a&a>0]x3>-1
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Ex: » Riccati

2x3 > le —[x = x% + x*]2x3 > %
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6x2(x> +x*) >0
6x2x" > 0
2x3 > % —[x = x% + x*2x3 >

1
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» Differential Induction for Aircraft Roundabouts

[Xi = d17 di = - Wd2axé = d27 dé = Wdla “](Xl - }/1)2 + (X2 - }/2)2 > p2
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» Differential Induction for Aircraft Roundabouts

Blx—y|P Blx—y|? Blx—y|? 7] 002
S T Y N 2 Vg e v R
[x{ = di,df = wdz,Xz = d, dy = wdh, --]( )+ (e — ) >p?
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» Differential Induction for Aircraft Roundabouts

2 2 2 —_vl2 2
T g, I, I g, Tl e, > 0P,
[Xl - d17 dl Wd2,X2 - d27 d2 - Wdla “](Xl - Y1)2 + (X2 - }/2)2 > P2
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» Differential Induction for Aircraft Roundabouts

2(x1 —y1)(di —e1) + 20 — y2)(d2 — &) >0

2 2 2 —_vl2 2
A gy T gy Ty, | T e > 0 g,
[Xl - d17 dl Wd2ax2 - d27 d2 - Wdla “](Xl - Y1)2 + (X2 - }/2)2 > P2
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» Differential Induction for Aircraft Roundabouts

2(x1 —y1)(di —e1) + 20 — y2)(d2 — &) >0

6||X y||2 3||X I 3||X y||2 Allx=yll op?
d+ 1 e + d+ Oyo 622?0'1 , ,
[Xl - d17 dl Wd2ax2 - d27 d2 - Wdlv -‘](Xl - }’1) + (X2 - }/2) > 1%
Yy
e |
Q
’ d
~c oy
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» Differential Induction for Aircraft Roundabouts

2(x1 —y1)(di —e1) + 20 — y2)(d2 — &) >0

2 2 2 T 2
Ao g, | sy y Aol g, | O, > 08
[X]_ - d17 dl Wd2ax2 - d27 d2 - Wdla “](Xl - Y1)2 + (X2 - }/2)2 > P2
Yy N
e |
Q ‘J \\
’ d
ey
. —d] = —wdr, 6] = —wex, xh = db,d) = wdi, .]Jdi — e = —w(x2 — y2)
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» Differential Induction for Aircraft Roundabouts

2(x1 —y1)(~wlx — y2)) + 20 — y2)w(xs —y1) 20
200 —y1)(di —e1) +2(x2 — y2)(d2 — &) = 0

2 2 2 _vll2 2
a||x yII dy + 3||Xy1}/|| e + 3|IX yII dy + allgyzyll & > g—’;dl---

[X]_ - d17 dl Wd2ax2 - d27 d2 - Wdla “](Xl - Y1)2 + (X2 - }/2)2 > P2
y
e |

Q
S
e
. —d] = —wdr, 6] = —wex, xh = db,d) = wdy,.]Jdi — e = —w(x2 — y2)
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» Differential Induction for Aircraft Roundabouts

2(x1 —y1)(—wlxe — y2)) + 202 — y2)w(x1 —y1) > 0
200 —y1)(di —e1) +2(x2 — y2)(d2 — €2) = 0

a||x yII2 3|IX yl? 3|IX yII2 Ax—yl? op?
d+ yl e+ d+ 6}/2 62262de1 ) .
[X1 4, di = —wd,x; = 0'2, dy =wdr, . J(xa —y1)*+ (e —y2) = p
Yy
e |
Q
S
Rpa
= o(d To2— 2=
AT Ma ] — Tl — Wl
. —d] = —wdr, 6] = —wex, xh = db,d) = wdy,.]Jdi — e = —w(x2 — y2)
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» Differential Induction for Aircraft Roundabouts

2(x1 —y1)(—wlxe — y2)) + 202 — y2)w(x1 —y1) > 0
200 —y1)(di —e1) +2(x2 — y2)(d2 — €2) = 0

a||x yII2 3|IX vl 3|IX yll2 Ax—yl? ap?
d+ yl e+ d+ 6}/2 62262de1 ) .
[Xl - d17 dl Wd2ax2 - d27 d2 - Wdlv -‘](Xl - }’1) + (X2 - }/2) > 1%
Yy
e |
Q
’ d
—e g
o(di— a(d L] = ) —
o+ Nesld = TP T
.. —>[d{ = — wdz, el — weg,xé = d2, dé = wdl, ..]dl — €61 = —w(XQ — y2)
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» Differential Induction for Aircraft Roundabouts

2(x1 —y1)(—wlxe — y2)) + 202 — y2)w(x1 —y1) > 0
200 —y1)(di —e1) +2(x2 — y2)(d2 — €2) = 0

a||x yII2 3|IX vl 3|IX yll2 Allx=yll op?
d+ yl e+ d+ 6}/2 6226_,;16,1
[X]_ - d17 dl Wd2ax2 - d27 d2 - Wdla “](Xl - Y1)2 + (X2 - }/2)2 > P2
Yy
e <
Q
’ d
—e g
Jd(di— J(di— __ O 0 —
( 81d161) (_UJCIZ) + ( 56161) (_wez) W(gi(g y2) d W(gi/z y2) e2
.. —>[d{ = — wdz, e{ = — wez,xé = d2, d2 = wdl, ..]dl — €61 = —w(XQ — y2)
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» Differential Induction for Aircraft Roundabouts

2(x1 —y1)(—wlxe — y2)) + 202 — y2)w(x1 —y1) > 0
2(x1 — y1)(di —e1) + 202 — yo)(d2 — €2) > 0

6||X yll2 3|IX yl? 3|IX yII2 Alx—ylP? op°
ch+ =5 e+ b+ =5, ezza—'jldl---
[ d17d1 Wd2,X2 d27d2 (.(.)dl,..](X]_ —Y1)2+(X2 —}/2)2 > P2
Y
e |
Q
’ d
ey
—wdy) +wey = —w(dx — &)
o(d1— o(d1— 0 0 —
ANdi—e1) 81d1e1)(—wd2) 4+ Ha—e) 316161)(—44162) w(gfq yQ)d w(gi,z y2)€2
.. —>[d{ = — wdz, e{ = — weg,xé = d2, d2 = wdl, ..]d1 — €1 = —w(XQ — y2)
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» Differential Induction & Differential Cuts

2(x1 —y1)(—wlxe — y2)) + 202 — y2)w(x1 —y1) > 0
2(x1 —y1)(dh —e1) + 20 — y2)(d2 — &) > 0

2 2 2 —_vl2 2
S eI A T P T LN g
[X]_ - d17 dl Wd2ax2 - d27 d2 - Wdla “](Xl - Y1)2 + (X2 - }/2)2 > P2

Proposition (Differential cut saturation)

F differential invariant of [x’ = 6 & H]¢, then
[ =0&H]op iff [x' =0&H A F]o

—wdy + wey = —w(dr — &)

A= A= 3 T (a—
( 81d1e1) (_wd2) + ( 56161) (_wez) W(gi(g y2) d W(gi/z y2) €2
. —=d] = —wdr, 6] = —wex, xh = db,ds = wdi,.]Jdi — e = —w(x2 — y2)

André Platzer (CMU) VSWSS'12 19 / 120


http://symbolaris.com/
http://symbolaris.com/info/ex/KeYmaera--TRM-essentials2.jnlp

» Differential Induction & Differential Cuts

2(x1 —y1)(~wlx — y2)) + 20 — y2)w(xs —y1) 20
20 —y1)(di —e1) + 202 — yo)(d> — &) > 0

O gy 4 ooy Al g, anxa;;u e > Pd
[ d17 dl Wd27 X2 d27 d2 Wdlv ]( ) + (X2 - y2)2 > P

[refine dynamics] [by differential cut]

—wdh + wey = —w(dr — &)

a(di— I(di— — 3 O, —
o) (—wdp) + NG (—wey) = — 20l gy — Pla-re)
.. —>[d{ = — wdz, e{ = — weg,xé = d2, d2 = wdl, ..]d1 — €61 = —’w(Xg — y2)
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Differential Induction: Local Dynamics w/o Solutions -

Definition (Differential Invariant) (J.Log.Comput. 2010) »
F closed under total differentiation with respect to differential constraints
F
—F
—E

di > do = [x:=32+1;
di = —wdy, d5 = wdy
|di > d>
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F
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—E
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F closed under total differentiation with respect to differential constraints
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@ quantified nondeterminism /disturbance
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Differential Induction: Local Dynamics w/o Solutions -

Definition (Differential Invariant) (J.Log.Comput. 2010) »

F closed under total differentiation with respect to differential constraints

di>d—[x>0—=3Ja(a<b5Ax:=a>+1);
Jw(w<1Ad] = —wdy ANdy = wdy) V (dy < 2d;)
ldh > d>

e discrete quantified nondeterminism /disturbance
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(H— F)=[x'=0&H]F
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Assuming Differential Invariance

F F
(H— F') (FAH— F)
(H— F)>[x' = 0& HIF (H— F)>[x' = 0&HIF

Example (Restrictions)

x2—6x+9=0—=x=y,y=-x]x>-6x+9=0
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Assuming Differential Invariance

F F
(H— F') (FAH— F)
(H— F)>[x' = 0& HIF (H— F)>[x' = 0&HIF

Example (Restrictions)

X
x> —6x+9=0—y2x —6y =0
X2 _ 6x + 9—=0 _>y8(x25)6(X+9) _ XB(X253X+9) -0 0 y

x2—6x+9=0—=[x=y,y=—x]x>-6x+9=0
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Assuming Differential Invariance

=

(H— F) (
(H— F)—[x' = 0&H]F H—)W G&H]F
Example (Restrictions are unsound!)
X
x> —6x+9=0—y2x —6y =0
P — G d@ = _>y8(x252x+9) . XB(X253x+9) —0 0 y

x2—6x+9=0—=[x=y,y=—x]x>-6x+9=0
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Assuming Differential Invariance

—F
=

(H— F')
(H— F)—=[x = 0&HIF

Example (Restrictions)

(x><0—2x-1<0)

(FAH— F)

x*<0—=X=1x*<0

(H— F)=[x' = 0& HIF
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Assuming Differential Invariance

=

(H— F)
(H— F)—=[x' = 0&H]F

Example (Restrictions are unsound!)

(x> <0—2x-1<0)
x*<0—=X=1x*<0

H—)W G&H]F

Xo+t
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Differential Invariance of Negative Equations .

Example (Negative equations)

Vx (1 # 0)
x#0 =[x =1]x#0
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Differential Invariance of Negative Equations .

Example (Negative equations)

X Xo+t
* A
7(\/
Vx (1 # 0) |

x#0 =[x =1x#0 . ‘ t
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Differential Invariance of Negative Equations .

Example (Negative equations unsound! Transform)

X Xo+t

x # ONEX AL x # 0 0 ‘ t

André Platzer (CMU) VSWSS'12 22 / 120
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Disjunctive Differential Invariants

(FAG)Y =F' NG
(FV G) = F' Vv G sound?

Example (Provable)

2+ d3 =2 [d = —wdy, djy = wdh] d? + d3 = V2

Example (Consequence)

x1 >0V d2+d3=v?—[df = —wdy,ds = wdi](x1 >0V d? + d3 = v?)
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Disjunctive Differential Invariants

(FAG)Y =F AG
(FVG) = " sound?

Example (Provable)

a2+ d3 =2 = [d] = ~wda, dj = wdi] d? + o2 = 2

Example (Unsound!)

x1 >0V d2+d3=v?—[df = —wdy,ds = wdi](x1 >0V d? + d3 = v?)
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Disjunctive Differential Invariants

(FAGY=F'AG
(FV G) =F' A G’ sound!

Example (Provable)

2+ d3 =2 [d = —wdy, djy = wdh] d? + d3 = V2

Example (Unsound!)

x1 >0V d2+d3=v?—[df = —wdy,db = wdi](x1 > 0V d? + d3 = v?)
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Outline Background ‘

@ Differential Algebraic Dynamic Logic DAL (Excerpt)

@ Structure of Differential Invariants
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The Structure of Differential Invariants «

Theorem (Closure properties of differential invariants) (LMCS 2012)

Closed under conjunction, differentiation, and propositional equivalences.

Theorem (Differential Invariance Chart) (LMCS 2012)
DIZ ¢ DIZ,/\,\/ — ’DIZ,ZJ\:V
DI: — DI_,/\’\/ ‘gN\ § DT
DI DIspay ——DIs-pv
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Differential Cuts «

Fox =0&H|C  Fo[x =0&(HAC)F
Fox = 0& HJF
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Ex: » Differential Cuts

321Ny 20 = = (x = 3) +y0y = 23 > -1
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Ex: » Differential Cuts

321Ny 20 = = (x = 3) +y0y = 23 > -1

*

5y4y? >0

5y%/ >0

Vo0 =X =(x=3)*+y5y =yy° >0
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Ex: » Differential Cuts

3> -1 =(x=3)"+y5y =y2&y5 > 0]x3 > -1 »

321Ny 20 = = (x = 3) +Hy0y =y > -1

*

5y4y? >0

5y%/ >0

YP>0 =[x =(x=3)* +y5,y =yy* >0
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Ex: » Differential Cuts

y> >0 —=2x2x' >0

3> -1 =(x=3)"+y5y =y?&y5 > 0]x3 > -1 »

3> IAYS 20 = = (x = 3) )0y = 3 > -1

*

5y4y? >0

5y%/ >0

YP>0 =[x =(x=3)* +y5,y =yy* >0
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Ex: » Differential Cuts

¥y >0 —=2x3((x —3)* +y°) >0

y> >0 —=2x2x' >0

3> -1 =(x=3)"+y5y =y2&y5 > 0]x3 > -1 »

3> 1Ay 20 = = (x = 3) +y0y = 23 > -1

*

5yty? >0

5y%/ >0

YP>0 =[x =(x=3)* +y5,y =yy* >0
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Ex: » Differential Cuts

*

y5 >0 =2x3((x —3)* +y°) >0

y> >0 —=2x2x' >0

3> -1 =(x=3)"+y5y =y?&y > 0]x3 > -1 »

3> IAYS 20 = = (x = 3) )0y = 3 > -1

*

5y4y? >0

5y%/ >0

YP>0 =[x =(x=3)* +y5,y =yy* >0

André Platzer (CMU) VSWSS'12 27 / 120


http://symbolaris.com/
http://symbolaris.com/info/ex/KeYmaera--nonlinear-diffcut.jnlp

Differential Cuts «

Fox =0&H|C  Fo[x =0&(HAC)F
Fox = 0& HJF
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Differential Cuts «

Fox =0&H|C  Fo[x =0&(HAC)F
Fox = 0& HJF

Theorem (Gentzen's Cut Elimination)

A—-BVvVC AANC—B

cut can be eliminated
A—B
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Differential Cuts

Fox =0&H|C  Fo[x =0&(HAC)F
Fox = 0& HJF

Theorem (Gentzen's Cut Elimination)

A—-BVvVC AANC—B

cut can be eliminated

A—B
Theorem (No Differential Cut Elimination) (LMCS 2012)
Deductive power with differential cut exceeds deductive power without.
DCI > DI
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Ex: Exponentials ‘

Counterexample ()

x>0—=[x'=—x]x>0
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Counterexample ()

—x>0
x>0
x>0—=[x'=—x]x>0
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Ex: Exponentials ‘

Counterexample (Cannot prove like this)

not valid

—x>0

x>0
x>0—=[x'=—x]x>0
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Differential Auxiliaries

Example (@ Successful proof)

x>0—=[x' =—x]x>0
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Differential Auxiliaries

Example (@ Successful proof)

x>0 Jyxy?=1 xy?=1=[x=—xy =%x?=1

x>0—=[x =—x]x>0
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Differential Auxiliaries

Example (@ Successful proof)

*

x>0 Jyxy?=1 xy?=1=[x=—xy =%x?=1

x>0—=[x =—x]x>0
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Differential Auxiliaries

Example (@ Successful proof)

* X'y +x2yy' =0

x>0 Jyxy?=1 xy?=1=[x=—xy =%x?=1

x>0—=[x =—x]x>0
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Differential Auxiliaries

Example (@ Successful proof)

—xy? +2xy5 =0

* X'y +x2yy' =0
x>0 Jyxy?=1 xy?=1=[x=—xy =%x?=1
x>0—=[x =—x]x>0
X
X0 ,\,/§
s xpe~t
0+ t
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Differential Auxiliaries

Example (@ Successful proof)

E3

—xy? +2xy5 =0

* X'y +x2yy' =0

x>0 Jyxy?=1 xy?=1=[x=—xy =%x?=1

x>0—=[x =—x]x>0
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Differential Auxiliaries

Example (@ Successful proof)

E3

—xy? +2xy5 =0

* X'y +x2yy' =0

x>0 Jyxy?=1 xy?=1=[x=—xy =%x?=1

x>0—=[x =—x]x>0
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Differential Auxiliaries

<y Yp—=[x' =0,y =9 &H]yY
o[ = 0& H]o
if y/ = 9 has solution y : [0,00) — R"

Theorem (Auxiliary Differential Variables) (LMCS 2012)

Deductive power with differential auxiliaries exceeds deductive power
without.
DCTI + DA > DCT
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Outline Background ‘

@ Differential Algebraic Dynamic Logic DAL (Excerpt)

@ Computing Differential Invariants as Fixedpoints
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Differential Invariants as Fixedpoints

diffsat

loopsat

for U,;,:= do decompose
for x' = ... do diffsat
for a* do loopsat
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Differential Invariants as Fixedpoints

diffsat

loopsat

for U,;,:= do decompose
for X' = ... do diffsat } repeat until fixedpoint
for a* do loopsat
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Outline Background ‘

@ Differential Algebraic Dynamic Logic DAL (Excerpt)

@ Derivations and Differentiation
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Derivations and Differentiation «

Definition (Syntactic total derivation D : Trm — Trm)

D(r)=0 if r is a (rigid) number symbol
D(x(M) = x(n+1) if x € ¥ is flexible,n > 0
D(a+ b) = D(a) + D(b)
D(a-b) = D(a)- b+ a- D(b)
D(a/b) = (D(a) - b— a- D(b))/b?

m
D(F) = /\ D(F) {F1,...,Fn} all literals of F
i=1
D(a > b) = D(a) > D(b) accordingly for <, >, <, =

P = (x1—y1)*+ (2 — y)? > p?
= D(P) = 2(x1 —y1)(x1 — y1) + 202 — y2) (x5 — y5) = 0
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Derivations and Differentiation «

Syntactic derivation D(-) coincides with analytic differentiation:

Lemma (Derivation lemma)

Valuation is differential homomorphism: for all flows ¢ all ¢ € [0, r]

[[]]

—22(0) = DOy

Theorem (Differential Invariant)

x — F'
X = F=[x' =0&x]F

sound for F' = D(F)?,
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Derivations and Differentiation «

Syntactic derivation D(-) coincides with analytic differentiation:

Lemma (Derivation lemma)

Valuation is differential homomorphism: for all flows ¢ all ¢ € [0, r]

d[o ]b(t) (©) = [DO)] 5

Locally understand differential equations by substitution:
Lemma (Differential substitution principle)

Ifo = xl=6; Ax, thenap}zD(—)(X_>Dgf}) for all D.

Theorem (Differential Invariant)

x — F'
X = F=[x' =0&x]F

sound for F' = D(F)?,
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Outline Background ‘

@ Differential Algebraic Dynamic Logic DAL (Excerpt)

@ Differential Variants
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Differential Induction: Local Dynamics w/o Solutions -

Definition (Differential Invariant) (J.Log.Comput. 2010) »

F closed under total differentiation with respect to differential constraints

(x = F) (~FAx— FY)
X = F=[xX'=0&x]F [X =0&—Flx—(xX'=0& x)F
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Ex: Differential Variant for Progress Discovery

a>0

Fe>0Vx(x < b— a>¢)
Fe>0Vx(x < b—x' >¢)
(X' =ax>b
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Differential Variants for Flight Progress -

b>0
QE(3d (([ld]* < b°) A (d1 > 0 A dr > 0)))
di>0Adr >0
Fe>0Vxy, 0 (1 < prVxe <pp—di > eNdr >€)
[d]I> < (F(0))(x1 > pL Ax2 > pa)
[d]* < b* A (F(0))(x1 > p1 A X2 > p2)
3d (ld|I> < 2 A (F(0))(x1 > p1 A x2 > p2))
Vp3d (||d]* < b° A(F(0))(xa > p1 A x2 > p2))

FO) = xqq=di Axy=d>
F

X122 p1AX2 2> p2
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F'= x{>0Ax>0
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Differential Variants for Flight Progress -

b>0
QE(3d (([ld]* < b°) A (d1 > 0 A dr > 0)))
di>0Adr >0
Fe>0Vxy, 0 (1 < prVxe <pp—di > eNdr >€)
[d]I> < (F(0))(x1 > pL Ax2 > pa)
[d]* < b* A (F(0))(x1 > p1 A X2 > p2)
3d (ld|I> < 2 A (F(0))(x1 > p1 A x2 > p2))
Vp3d (||d]* < b° A(F(0))(xa > p1 A x2 > p2))

FO) = xi=d Ax3=d>
F=xx2>2pAx2>p
F'= x{>0Ax>0

F'>e¢ = x{Ze/\xﬁZe
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Differential Variants for Flight Progress -

b>0
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FO) = X{=dh Axb=d>
F=xx2>2pAx2>p
F'= x{>0Ax,>0

F'>e¢ = x{Ze/\xﬁZe
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Differential Variants for Flight Progress -

b>0
QE(3d (([ld]* < b°) A (d1 > 0 A dr > 0)))
di>0Adr >0
Fe>0Vxy, 0 (1 < prVxe <pp—di > eNdr >€)
[d]I> < (F(0))(x1 > pL Ax2 > pa)
[d]* < b* A (F(0))(x1 > p1 A X2 > p2)
3d (ld|I> < 2 A (F(0))(x1 > p1 A x2 > p2))
Vp3d (||d]* < b° A(F(0))(xa > p1 A x2 > p2))

FO) = xqq=di Axp=d>

F=xx>2pAxx>p
Flr=d>0ANd>0
F'>e =d >eNdr,>¢
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Differential Variants for Progress .

Example (Progress)

Vx(x >0— —x < 0)
(X' =—x)x<0
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Differential Variants for Progress .

Example (Progress)
X
X ,
Vx(x >0— —x < 0) ° *%\
(xX'=—x)x<0 * o xpet
0 - t
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Differential Variants for Progress .

Example (Unsound without minimal progress!)
X
X ,
Vx ( x < 0) "Nt s -
(x' = 0 * et
0 - t
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Differential Variants for Progress .

Example (Mixed dynamics)

*
Fe>0VxVy (x <6 —1>¢)
(X' =1Ay =1+yx>6
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Differential Variants for Progress .

Example (Mixed dynamics)
! H ——=X
4¢ I T
* 2 i /1 P
Fe>0VxVy (x <6 —1>¢) 0 % ,// %z /,2;/ t
<x’:1/\y’=1+y2>x26 _j |’// |,,/
_4f ! !
6t i !

André Platzer (CMU) VSWSS'12 42 / 120


http://symbolaris.com/

Differential Variants for Progress .

Example (Unsound without Lipschitz-continuity!)

| i ———X
|
4¢ I ,:
* 2L : // : /y
0 i =T ez t
Fe>0VxVy (f < >¢) Ll i gf// o
(X =1Ay N+yYx>6 4l |/ |/
I !
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Outline Background ‘

© Differential Temporal Dynamic Logic dTL (Excerpt)
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Temporal Modalities + Dynamic Modalities .

problem | technique | Op|Par | T |closed
ETCS =z < MA TL-MC V| x | V] X
= (AX(ETCS) — z < MA) | TL-calculus | x | ... | v | ...
= [ETCS|z < MA DL-calculus | v/ | v | x | V
= [ETCS|Oz < MA dTL-calculus | v | v |V | V
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Temporal Modalities + Dynamic Modalities .

problem | technique | Op|Par | T |closed
ETCSEz< MA TL-MC V| X | V| X
= (AX(ETCS) — z < MA) | TL-calculus | x | ... | v | ...
= [ETCS|z < MA DL-calculus | v/ | v | x | V
= [ETCS|Oz < MA dTL-calculus | v | v |V | V
differential temporal dynamic logic
dTL = TL 4 DL + HP
¢,
~
alO N O
R
0
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Proof Calculus for Temporal dTL .
M ¢ x:'=40 ¢
[x = 0100 @ _____________ @
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Proof Calculus for Temporal dTL ,
M ¢ x:'=40 ¢
[x = 0100 @ _____________ @

[a]0¢ A [o][5]0¢
[o; B]0¢ 1D¢ @
D¢ Q; ﬂ =«
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Proof Calculus for Temporal dTL ,
M ¢ x:'=40 ¢
[x :=6]0¢ @ ------------- @

[0]06 A [l (5106 NI .f\,.f\,.i'.‘@
[ B]0¢ L He Do
Lo o, b=«

[x = 0]0¢ O¢
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Proof Calculus for Temporal dTL ,
M ¢ x:'=40 ¢
[x :=6]0¢ @ ------------- @

[0]06 A [l (5106 NI .f\,.f\,.i'.‘@
[ B]0¢ L He Do
Lo o, b=«

x = f(x
X' = 6]0¢
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Modular Verification Calculus for Temporal dTL ‘

1[a]O ~T NaJ\H\N\”“\/\,
O e
A o AN O¢
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Outline Background ‘

© Deduction Modulo Real Algebraic and Computer Algebraic Constraints
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KeYmaera Verification Architecture «

Computer Dedictive iy Qé\/é R-Algebraic
Prover ' 57 A
Algebra N Elimination
alg(®) ’ \( QE(®)
ke
V
Y—[a]o

(56 interactions?) (0-1 interactions! )
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KeYmaera Prover Architecture «

Solvers

KeYmaera Prover

{ )
Rule Engine  Proof| |

—

Input File

Rule
base

Strategy
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Outline Background ‘

@ European Train Control System
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ETCS Controllability ‘

T.V

T.v2 — m.d®> < 2b(m.e — 1.2)

Proposition ( * Controllability)

[r.Z =1v, 7V = —b& T.v > 0](T.2 > m.e = 7.v < m.d)

=7.v2 — m.d® < 2b(m.e — 7.2)

André Platzer (CMU) VSWSS'12 51 / 120


http://symbolaris.com/
http://symbolaris.com/info/ex/KeYmaera--controllability-lemma.jnlp

ETCS RBC Controllability .

Proposition (RBC Controllability)

m.d>0Ab>0— [mg:=m: RB( (
mo.d> — m.d®> < 2b(m.e — mg.€) A mo.d >0 A m.d >0 < Vr

(({m:=mo)7.v* — m.d*> < 2b(m.e — 7.2)) = 7.v> — m.d* < 2b(m.e — 7.z))
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ETCS Reactivity ‘

T.V

m.d - .
T.Z +~— SB — m.e

o

Proposition ( * Reactivity)

(Vm.eVT.z (me—71.z>SBA T.v2 — m.d? < 2b(m.e — 7.z) —

[r.a:=A; drive] 7.v? — m.d* < 2b(m.e — 7'.2)))

V2 — m.d? A A
ESBZ%"‘(B‘F].) (§€2+€7’.V)
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ETCS Safety .

Proposition ( * Safety)

r.v? — m.d? <2b(m.e — 7.z) —
[ETCS|(17.z > m.e — T.v < m.d)
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ETCS Liveness

!
(— , K
[ /LT TS

[ ™
P77 /7777 7777777777777

—

[ 7777777777777 77777887 777

Proposition ( * Liveness)

Tv>0Ae>0 — YP(ETCS) 7.2 > P
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Safety Despite Disturbances ‘

So far: no wind, friction, etc.
Direct control of the acceleration
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Safety Despite Disturbances ‘

So far: no wind, friction, etc. Issue
Direct control of the acceleration This is unrealistic!
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Safety Despite Disturbances ‘

So far: no wind, friction, etc.

Direct control of the acceleration

Issue
This is unrealistic!

Solution Take disturbances into account.

ETCS is controllable @, reactive @, and safe @ in the presence of disturbances.

André Platzer (CMU) VSWSS'12 56 / 120


http://symbolaris.com/
http://symbolaris.com/info/ex/KeYmaera--controllability-lemma-disturbed.jnlp
http://symbolaris.com/info/ex/KeYmaera--reactivity-lemma-disturbed-simplified.jnlp
http://symbolaris.com/info/ex/KeYmaera--safety-lemma-disturbed.jnlp

Safety Despite Disturbances ‘
So far: no wind, friction, etc. Issue
Direct control of the acceleration This is unrealistic! J

Solution Take disturbances into account.

ETCS is controllable @, reactive @, and safe @ in the presence of disturbances.

T.V

m.d \\ T.Z
m.e
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Safety Despite Disturbances ‘
So far: no wind, friction, etc. Issue
Direct control of the acceleration This is unrealistic! J

Solution Take disturbances into account.

ETCS is controllable @, reactive @, and safe @ in the presence of disturbances.

Proof sketch

The system now contains 7.a — | < 7.v/ < 7.a + v instead of 7.v/ = 7.a.
~» We cannot solve the differential equations anymore.
~> Use differential invariants for approximation. For details see paper.

Platzer, A.:
Differential-algebraic dynamic logic for differential-algebraic programs.

J. Log. Comput., 35(1): 309-352, 2010.
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Smooth Speed Control ‘
Almost completely non-deterministic control. I
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Issue
Almost completely non-deterministic control. This is unrealistic!
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Smooth Speed Control .

Issue
Almost completely non-deterministic control. This is unrealistic!
Solution Verify proportional-integral (Pl) controllers used in trains.
Controller
Truncate
o vo-v a »{in 1
[T < L »E'
Step max
Pl Output -b EA — E Plant Speed
Acceleration
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Smooth Speed Control

Issue
Almost completely non-deterministic control. This is unrealistic!
Solution Verify proportional-integral (Pl) controllers used in trains.
Controller
. ~ - Truncate
& e ——= vo-v a = P in T
P mm outl 5
Step P = max
- // PI Output -b EA !T E Plant Speed

1.679 0.0008; 1 0]*u

[0.1995 0.000024; 1 OJ*u
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Smooth Speed Control .

Issue
Almost completely non-deterministic control. This is unrealistic!

Solution Verify proportional-integral (Pl) controllers used in trains.

Controller
Truncate

N
VO-v a N >
N
max
Pl Output b — E Plant Speed
N A

Acceleration

Differential equation system

TV = min(A, max(—b, {(r.v —m.r)—is— cm.r)) ANs' =T1.v—m.r
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Smooth Speed Control .
Issue
Almost completely non-deterministic control. This is unrealistic! J

Solution Verify proportional-integral (Pl) controllers used in trains.

Theorem
The ETCS system remains safe when speed is controlled by a Pl controller.

Proof sketch
Cannot solve differential equations really. Use differential invariants! For details

see paper.

Platzer, A.:
Differential-algebraic dynamic logic for differential-algebraic programs.
J. Log. Comput., 35(1): 309-352, 2010.
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Experimental Results (ETCS)

Case Study
controllability train
controllability RBC
controllability RBC

reactivity

reactivity

safety

liveness essentials
liveness simplified

controllability disturbance
reactivity disturbance
safety disturbance

André Platzer (CMU)

5

—rR OO hMooOljooo

Time(s)

Mem(Mb)

Steps
14
42
82

265
47
153
62
134
26
76
218
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European Train Control System (ETCS)

spec :
ETCS:
train :
spd
atp

move :
rbc

provable automatically!
v —m.d?> <2b(m.e—T.p)ATVv>0AMd>0Ab>0
— [ETCS](7.p > m.e — 7.v < m.d)
(train U rbc)*
spd; atp; move
(Prv<mr;, rai=x%x ?7—-b<T1a<A)
U(?r.v >m.r; T.a:=x%;, 70 > 1.a > —b)

. SB = —T"’ZEI;"'dZ + (% +1) (ész +eT.v);

(?(m.e — 7.p < SBV rbc.message = emergency); T.a := —b)
U(?m.e — 7.p > SB A rbc.message # emergency)
t:=0; (r.p/ =7v,7v =12t/ =1&7v>0ALt <¢)
(rbc.message := emergency)
U (mo =m;m .= x;

m.r >0Am.d >0Amg.d?> —m.d? < 2b(m.e — mg.e))
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1 Branch of ETCS Proof

2*b*x (m-2)>v~2-4d"2,
v>0,d>0, v>0,ep> 0, b> 0, amax > 0, d >=0

v <= vdes
-> \forall R a_3;

( a_3 >= 0 & a_3 <= amax

> ( m-z
<= (amax / b + 1) * ep * v
+(v~"2-d°2) /(2*b)
+ (amax / b + 1) * amax * ep = 2 / 2

-> \forall R tO0;

( t0>=0
-> \forall R ts0; (0 <= ts0 & tsO <= t0 -> -b * tsO + v >= 0 & tsO + 0 <= ep)
-> 2% b*x (m-1/2x%(-b*t0"~ 2+ 2x*t0*v+2%*2z))
>= (-b * t0 + v) ~ 2
-d-2
& -b * t0 + v >=0
& d >= 0))
& ( m-z

> (amax / b + 1) *x ep * v

+(v"2-d°2 /(@x*b)

+ (amax / b + 1) * amax x ep ~ 2 / 2
-> \forall R t2;

( t2>=0
=> \forall R ts2; (0 <= ts2 & ts2 <= t2 -> a_3 * ts2 + v >= 0 & ts2 + 0 <= ep)
-> 2xb*x (m-1/2x% (a3 %t2" 2+ 2x*t2xv+2%z))
>= (a3 % t2 +v) "~ 2
-d "2
& a3 *xt2+v> 0
& d >= 0)))

dré Platzer (CM VSWSS'12
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Outline Background ‘

@ Collision Avoidance Maneuvers in Air Traffic Control
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Air Traffic Control «
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Air Traffic Control ‘

Verification?
looks correct
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Air Traffic Control «

N
\
>
/

Verification?
looks correct NO!
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Air Traffic Control '

S
Y2
0
w
T2 %ﬁ ¢
. d ‘
Ty Y1
X{ = —vitvpcos ¥ + wxo
Xy = vasind — wxy
9 = = —w

Verification?

looks correct NO!

André Platzer (CMU)
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Air Traffic Control «

3
Y2
0
w
T2 %ﬁ €
1 d 1
T Y1
x| = —Vvi+vacost) + wxo
xé = Vo sin 1 — wxy
¥ = w—w

Example (“Solving” differential equations)

xi(t) = — (Xlww €os tw — Vow cos tw sin ¥ + vow cos tw cos tww sin ¥ — viwo sin tw
ww

+ XoWoT SN tw — Vaw €os 1Y €os oo sin tw — vowV 1 — sin Y2 sin tw
+ vow cos ¥ cos tw sin two + vow sin ¥ sin tw sin tw) ...
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Air Traffic Control «

3
Y2
0
w
T2 %ﬁ €
1 d 1
T Y1
x| = —Vvi+vacost) + wxo
xé = Vo sin 1 — wxy
¥ = w—w

Example (“Solving” differential equations)

V>0 — (xlww €os tw — Vow €os tw sin ¥ + vow cos tw cos tw sin 1 — vy sin tw
ww

+ Xowwo Sin tw — Vaw €os Y cos tw sin tw — vwV 1 — sin 92 sin tw
+ vow cos ¥ cos tw sin two + vow sin ¥ sin tw sin tw) ...
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Flyable Roundabout Maneuver: Overview

B
b
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Flyable Roundabout Maneuver: Overview

T
2

f
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Flyable Roundabout Maneuver: Overview
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Fixedpoint lterations for Air Traffic Control

b
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Fixedpoint lterations for Air Traffic Control

Example (dC formula of verification subgoal)
safe \ far — [agree|(safe A far A\ compatible) J
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Fixedpoint lterations for Air Traffic Control

Example (dC formula of verification subgoal)
safe A\ far A compatible — [entry|(safe A tangential) J
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Fixedpoint lterations for Air Traffic Control

Example (dC formula of verification subgoal)
safe A\ tangential — [circ|(safe A tangential) J
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Fixedpoint lterations for Air Traffic Control

Example (dC formula of verification subgoal)
safe A\ tangential — [exit](safe A far) J

André Platzer (CMU) VSWSS'12 64 / 120


http://symbolaris.com/

Fixedpoint lterations for Air Traffic Control

Example (dC formula of verification subgoal)
safe A\ far — [free|(safe A far) J
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Flyable Roundabout Maneuver: Entry .

Example (dC formula of verification subgoal)
(rw)? = ||d|]> A ||x — ¢|| = V3r AIA>0 (x + Ad = ) A
|h—c|| =2r A d=—w(x—h)*
= [F(—w) & ||x — c|| > r] (||x —c|£r—=d=w(x- C)J‘)
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Flyable Roundabout Maneuver: Entry .

Example (d£ formula of verification subgoal)
Ix =yl = V2(p+2bT) Ap > OA|ld> < el < P Ab>O0AT >0
— [entry] (IIx — y[l = p)
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Flyable Roundabout Maneuver: Entry .

Example (d£ formula of verification subgoal)
x=zA|d|?<bAb>0
— [r:=0; W F(W)AT =1](||x — z]|lco < Tb)
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Flyable Roundabout Maneuver: Exit .

@\
.’

o ®

N7

o A far

Example (dC formula of verification subgoal)

TAIx=yl?>p* = X' =dny =e](lIx—y|* = p?)
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Flyable Roundabout Maneuver: Exit .

@\
.’

o ®

N7

o A far

Example (dC formula of verification subgoal)

TAlIx=yl?2p* = X' =d; y' = el (Ix — ylI* > p?)
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Flyable Roundabout Maneuver: Exit

T
2

e

N7

r

oA fa

Example (dC formula of verification subgoal)

TAx=ylI?2p* = X =d; ¥y =e](IIx—y|> = p?)
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Flyable Roundabout Maneuver: Exit .

@\
.’

o ®

N7

o A far

Example (dC formula of verification subgoal)

TAlIx=yl?2p* = X' =d; y' = el (Ix — ylI* > p?)

André Platzer (CMU) VSWSS'12 66 / 120


http://symbolaris.com/

Flyable Roundabout Maneuver: Exit .

@\
198,

o ®

N7

o A far

Example (dC formula of verification subgoal)

TAd#e = YalxX'=dAy =e)(|x—yl|?> a?)
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Tangential Roundabout Collision Avoidance Maneuver -

provable automatically!

¢ = ¢—[trm’]¢

¢ = lIx=yl?=p = (a-n)+0e-y)=p
trm = free; entry; F(w) A G(w)
Jw F(w) A Jw G(w) A ¢

entry = Juw:=u; Ic(d:=w(x — ) Ne=w(y —c)b)

2

free

x; = vcost =d y; = e

AXy = vsind =dy Ay, =€

Flw) = ol — ol sin S — — G(w) = ;
L = v(—=sin)¥ = —wd> Ne = —we
Ady=v(cos?)y = wdy Ney = e
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provable automatically!

Y = ¢ [trm*]¢
¢ = (X1—Y1)2+(X2—Y2)2>P /\(Y1—21)2 + (2 — 2)* > p?
A1 —z1)? + (0 — )% > p A — )+ (2 — uz)2 p?
ANyr— )2+ (2 — ) > PP Az —wm)? + (22— w)? > P2
trm = free; entry,
X{ =d /\Xé = d2/\d{ = —wxdg/\dé = wydy
ANf=eNyy=e el =—w,e ey =wye
Nf=hNZb=hHAH=—-whAf=wh
Ay =giAuy=gNgl=—wug2 g = wWusl

free = (wxi=2% wyi=% Ww,:=% Ww,:=5x%

X{ =d /\Xé =dr) A d{ —wxdr A dé = wyd;
ANf=eNyy=e el =—w,e ey =wye
Nf=hNZb=hHAH=—-whAf =wh
/\ui =g N ué =82 /\gll = —Wuy82 /\g2, =wug1 N\ ¢)*

entry = W:i=%; C.=x%,
di = —w(x — @); d:=w(xy — c1);
e =—wlyn —a) e =wlyn—a)
fhi=—w(zr—a); hi=w(z — a);
g1:=—w(uy — 1), & :=w(th — )
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Experimental Results (Air Traffic Control)

Case Study Time(s) Mem(Mb) Steps | Dim
tangential roundabout (2a/c) 10.4 6.8 197 13
tangential roundabout (3a/c) | 253.6 7.2 342 18
tangential roundabout (4a/c) || 382.9 10.2 520 23
tangential roundabout (5a/c) || 1882.9 39.1 735 28
bounded maneuver speed 0.5 6.3 14 4
flyable roundabout entry* 10.1 9.6 132 8
flyable entry feasible* 104.5 87.9 16 10
flyable entry circular 3.2 7.6 81 5
limited entry progress 1.9 6.5 60 8
entry separation 140.1 20.1 512 16
mutual negotiation successful 0.8 6.4 60 12
mutual negotiation feasible* 7.5 23.8 21 11
mutual far negotiation 24 8.1 67 14
simultaneous exit separation® 43 12.9 44 9
different exit directions 3.1 11.1 42 11
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Outline Background ‘

@ Hybrid Automata Embedding
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Embedding Hybrid Automata as Hybrid Programs

¢

q := accel,

( (?q=accel, 2/ =v,v =a)

U (?7qg = accel Nz > SB; a:=—b; q:=brake; ?v>0)
U (?q = brake; z/ =v,v/ =a&v >0)

U (?q = brakeAv <1; a:=a+5; q:=accel))”

André Platzer (CMU) VSWSS'12 70 / 120


http://symbolaris.com/

Embedding Hybrid Automata as Hybrid Programs

q := accel,

( (?q=accel, 2/ =v,v =a)

U (?7qg = accel Nz > SB; a:=—b; q:=brake; ?v>0)
U (?q = brake; z/ =v,v/ =a&v >0)

U (?q = brakeAv <1; a:=a+5; q:=accel))’

André Platzer (CMU) VSWSS'12 70 / 120


http://symbolaris.com/

Embedding Hybrid Automata as Hybrid Programs

¢
q := accel,
( (?q=accel, zZ/=v,v =a)
U (?7g = accel Nz > SB; a:=—b; q:=brake; ?v>0)
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Cyber-Physical Systems: Hybrid Systems

Q: | want to verify my car A: Hybrid systems

Challenge (Hybrid Systems)

@ Continuous dynamics
(differential equations)

@ Discrete dynamics
(control decisions)

v
a 6
3 30
25 5
1 — 20l 4
1 3
] 5
2 4 10 2
-1 0.5) 1
f t : t
-2 1 2 3 4 1 2 3 4
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@ Local computation
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@ Remote communication
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Challenge (Distributed Hybrid Systems)

@ Continuous dynamics
(differential equations)

@ Discrete dynamics
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Model for Distributed Hybrid Systems .

Q: How to model distributed hybrid systems
Model (Distributed Hybrid Systems)

@ Continuous dynamics
(differential equations)

@ Discrete dynamics
(control decisions)

@ Structural dynamics
(communication/coupling)
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Q: How to model distributed hybrid systems
Model (Distributed Hybrid Systems)

@ Continuous dynamics
(differential equations)
x"=a

@ Discrete dynamics
(control decisions)

@ Structural dynamics
(communication/coupling)
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Q: How to model distributed hybrid systems
Model (Distributed Hybrid Systems)

@ Continuous dynamics
(differential equations)

@ Discrete dynamics
(control decisions)
a:=if ..thenaelse—bfi

@ Structural dynamics
(communication/coupling)

André Platzer (CMU) VSWSS'12 75 / 120


http://symbolaris.com/

Model for Distributed Hybrid Systems .

Q: How to model distributed hybrid systems
Model (Distributed Hybrid Systems)

@ Continuous dynamics
(differential equations)
x"=a

@ Discrete dynamics
(control decisions)
a:=if ..thenaelse—bfi

@ Structural dynamics
(communication/coupling)

André Platzer (CMU) VSWSS'12 75 / 120


http://symbolaris.com/

Model for Distributed Hybrid Systems .

Q: How to model distributed hybrid systems
Model (Distributed Hybrid Systems)

@ Continuous dynamics
(differential equations)
x"=a

@ Discrete dynamics
(control decisions)
a:=if ..thenaelse—bfi

@ Structural dynamics
(communication/coupling)

André Platzer (CMU) VSWSS'12 75 / 120


http://symbolaris.com/

Model for Distributed Hybrid Systems .

Q: How to model distributed hybrid systems
Model (Distributed Hybrid Systems)

@ Continuous dynamics
(differential equations)
x(1)" = a(i)
@ Discrete dynamics
(control decisions)
a(i):=1if ..thenaelse —bfi
@ Structural dynamics
(communication/coupling)
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Q: How to model distributed hybrid systems
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Quantified Differential Dynamic Logic QdL: Syntax

Definition (Quantified hybrid program «)

Vi:C x(i) =0 (quantified ODE)

Vi:C x(i):=0 (quantified assignment) _

7x (conditional execution) jump & test
a; B (seq. composition)

aup (nondet. choice) Kleene algebra
a* (nondet. repetition)
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Quantified Differential Dynamic Logic QdL: Syntax

Definition (Quantified hybrid program «)

Vi:C x(i) =0 (quantified ODE)
Vi:C x(i):=46 (quantified assignment) _
7x (conditional execution) jump & test
a; B (seq. composition)
aup (nondet. choice) Kleene algebra
a* (nondet. repetition)
DCCS = (appear; ctrl; drive)*
appear = n:=new C; ?(Vj:C far(j, n))
ctrl = Vi:C a(i):=1ifVj:C far(i,j) thenaelse —bfi 5 () afr)
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Quantified Differential Dynamic Logic QdL: Syntax

Definition (QdL Formula ¢)

-, AV, =, Vx,3x, =<, +,- (R-first-order part)
[a]d, (a)o (dynamic part)

Vi,j: C far(i,j) — [(appear; ctrl; drive)*] Vi#j : C x(i) # x(j)

far(i,j) = i #j — x(i) <x() Av(i) < v(j) Aa(i) < a())
V x(7) > x(j) A v(i) > v(j) Aa(i) > a(j)...

o) zin)
'g

e VR Y ‘_vuu “ﬁ“ COEQM

(rp\ Iy Iy
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Quantified Differential Dynamic Logic QdL: Semantics -

Definition (Quantified hybrid program «: transition semantics)

®Vi: C x(i):= 9)®

Example

if w(x)(ﬂi]]vf) = |[0]|V,_e (for all e)

and otherwise unchanged

®---0
2

<

t
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Quantified Differential Dynamic Logic QdL: Semantics -

Definition (Quantified hybrid program «: transition semantics)

®Vi:Cx(i) :9®

Example

X

w(t) d Ix(N oy
Vs R

| t  (foralle)
Vix(i) =0
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Definition (Quantified hybrid program «: transition semantics)
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v S w
a J 3
Example
X
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Quantified Differential Dynamic Logic QdL: Semantics -

Definition (Quantified hybrid program «: transition semantics)

if v E=x
Example
X
no change if v
ov nge it =
otherwise no transition
T t
0
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Quantified Differential Dynamic Logic QdL: Semantics -

Definition (QdL Formula ¢ )
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Quantified Differential Dynamic Logic QdL: Semantics -

Definition (QdL Formula ¢ )

Qa-span
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Quantified Differential Dynamic Logic QdL: Semantics -

Definition (QdL Formula ¢ )

Qa-span

compositional semantics = compositional calculus!
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Proof Calculus: Quantified Differential Dynamic Logic -

Vi(i = & — $(0))
o([Vi x(i) := 0]x(a))

¢

: Vix(i):=46 :
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Proof Calculus: Quantified Differential Dynamic Logic -

Vi (i = [Vix(i) == 0]@ — $(6))
o([Vi x(i) := 0]x(a))

¢

: Vix(i):=46 :

VSWSS'12 80 / 120


http://symbolaris.com/

Proof Calculus: Quantified Differential Dynamic Logic -

Vix(i) =6
3t>0 (Vi x(i) := y;(t)) ¢ M

Vix(i) = 0)¢ ¢
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Proof Calculus: Quantified Differential Dynamic Logic -

Vix(i) =6
>0 (Vix(i) = yi(t))¢ H
¢

ix(i) = 0)¢

VSWSS'12 80 / 120


http://symbolaris.com/

Proof Calculus: Quantified Differential Dynamic Logic -

Vix(i) =6
Ft>0(Vix(i):=yi(t))o ®—)@

(Vix(i)y = 0)¢
Vix(i) = yi(t)

solve infinite-dimensional diff. eqn.?
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Proof Calculus: Quantified Differential Dynamic Logic -

compositional semantics = compositional rules!
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Proof Calculus: Quantified Differential Dynamic Logic -

(v )o
(o] A [l 0

LR aup
[0 U B9 \
8 ¢
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Proof Calculus: Quantified Differential Dynamic Logic -

(v )o
(o] A [l 0

LR aup
[auBle \

7 )

a; B

[a][5]¢ - D\

[a; Blo a S
[o][B]o [Bl¢

B
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Proof Calculus: Quantified Differential Dynamic Logic -

(v )o
(o] A [l 0

LR aup
[auBle \

7 )

a; B

[a][5]¢ - D\
[e: B¢ a J
[][B8]6 [81¢

¢ (¢ —la]p)
[a*]¢
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Deduction Modulo «

Vigj x(#x(j) = [Vix(i) = v(i), v(i)" = =b]ViFk x(j))#x(k)

o) zin)
'g

e VR Y ‘_vuu “ﬁ“ COEQM

(rp\ Iy Iy

André Platzer (CMU) VSWSS'12 82 / 120



http://symbolaris.com/

Deduction Modulo «

Vij x(i)#x(j) —Vt>0[Vix(i) := =812 + v(i)t + x(i)] Vj#k x(j)#x(k)
ViZjx(N#x() = [Vix(Q)' = v(i), v(i)| = =] Vj7#k x(j)#x(k)

- ﬁ”“ v(n) x(n)
vz 1, v@ﬂBii \0/‘_1)@%‘2; oz, ,
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Deduction Modulo «

Vij x()#£x(j) =Vt=>0Vj#£k [Vix(i) = —gtz + v()t + x()] x()#x(k
Vij x(i)#x(j) =Vt>0[Vix(i) :== =212 + v(i)t + x(i)] Vj#k x(j)#x(k
ViZj x(i)#x() = [Vix(i) = v(i), v(i) = —=b]Vj#k x(j)#x(k)

)
)

- ﬁ”“ v(n) z(n)
V@) 1 v@ﬂBii \0/‘_1)@%‘2; W),
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Deduction Modulo «

N#x(j) =Vt>0Vj£k (=262 + v(j)t + x(j) # —2t2 + v(k)t + x(k))
N#Ex(j) —=Vt>0Vj#k [Vix(i) := =52 + v(i)t + x(i)] x(j)#x(k)
N#x(j) =Vt>0[Vix(i) :== — 22 + v(i)t + x(i)] Vj#k x(j)#x(k)
N#x() = [Vix(i) = v(i), v(i) = —b] Vj#k x(j)#x(k)

Vi#j x
Vi#j x
Vi#j x
Vi#j x

_~ o~~~

( ;”‘\ v(n) z(n)
v(4) 2(4) 1 v@ﬂ3ii \Q/ #@ﬂZiﬁ v() (1), ,
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Deduction Modulo «

Vij x(i)#x(j) =Vj#kVE=0 (=262 + v(j)t + x(j) # =212 + v(k)t + x(k))
Vij x(i)#x(j) =Vt>0Vj#k (=22 + v(j)t + x(j) # =212 + v(k)t + x(k))
Vij x(#x(j) =Vt>0Vj#k [V/X( ) i= =242 + v(i)t + x()] x(j) £x (k)
(i
(i

Vij x(i)#x(j) =Vt>0[Vix(i) := =812 + v(i)t + x(i)] Vj#k x(j) #x(k)
ViZjx(N#x() = [Vix(7)' = v(i), v(i)| = =] Vj7#k x(j)#x(k)

[ v(@ﬂn)
&5
v@)z@) ., VB3 v(2) 2(2 (1) (1),
oS Wy
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Vij x(#x(j) =Vt>0Vj#k [V/X( ) i= =242 + v(i)t + x()] x(j)#x (k)
(i
(i

Vij x(i)#x(j) =Vt>0[Vix(i) := =812 + v(i)t + x(i)] Vj#k x(j) #x(k)
ViZjx(N#x() = [Vix(7) = v(i), v(i )’ = —b]Vj#k x(j)#x(k)

[ "(ﬂﬂﬂ)
o=
v@)z@4) . VB3 v(2) (2 (1) a(1),,
Lo E ¢ o
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Actual Existence and Creation «

Actual Existence Function E(-)

(i 0 if / denotes a possible object
1) =
1 if i denotes an actively existing objects

[(vj: C n:=j); ?(E(n)=0); E(n):=1]¢

[n:=new C]¢
Vi:Cl¢ = Vi:C (E(i)=1— ¢)
Vi:Clf(i):=6 = Vi:C f(i):=(if E(/) =1thenfelse f(i)fi)
Vi:Cl (i) =6 = Vi:C f(i) =E(i)f

o) zin)
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Soundness and Completeness ‘

Theorem (Relative Completeness)

QdL calculus is a sound & complete axiomatisation of distributed hybrid
systems relative to quantified differential equations.

André Platzer.

Quantified differential dynamic logic for distributed hybrid systems.
In Anuj Dawar and Helmut Veith, editors,

CSL, vol. 6247 of LNCS, 469-483. Springer, 2010.
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Theorem (Relative Completeness)

QdL calculus is a sound & complete axiomatisation of distributed hybrid
systems relative to quantified differential equations.

Corollary (Proof-theoretical Alignment)

proving distributed hybrid systems = proving dynamical systems!

Corollary (Decomposition!)

distributed hybrid systems can be verified by recursive decomposition

André Platzer.
Quantified differential dynamic logic for distributed hybrid systems.
In Anuj Dawar and Helmut Veith, editors,
CSL, vol. 6247 of LNCS, 469-483. Springer, 2010.
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Quantified Differential Invariants

Definition (Quantified Differential Invariant)
Quantified formula F closed under total differentiation with respect to

quantified differential constraints
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Derivations and Differentiation

Definition (Syntactic total derivation D)

D(r)=0 if r a number symbol
D(x(i)) = x(i)’ ifx:C—o>R, C£R
D(a+ b) = D(a) + D(b)
D(a-b)=D(a)-b+a-D(b)
D(a/b) = (D(a) - b~ a- D(b))/b?
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Derivations and Differentiation «

Syntactic derivation D(-) coincides with analytic differentiation:

Lemma (Derivation lemma)

Valuation is a differential homomorphism: for all flows ¢ all ¢ € [0, r]

= "“"“’ €) = PO
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Syntactic derivation D(-) coincides with analytic differentiation:

Lemma (Derivation lemma)

Valuation is a differential homomorphism: for all flows ¢ all ¢ € [0, r]

= " — 20 () = [DO)] 5o

Locally understand QDE as quantified assignments:

Lemma (Quantified differential substitution principle)

Ifo EVI:Cf(i)y =0&H, then p = v =[Vi:C (i) :=0]v for all v.
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Lemma (Derivation lemma)

Valuation is a differential homomorphism: for all flows ¢ all ¢ € [0, r]

= " — 20 () = [DO)] 5o

Locally understand QDE as quantified assignments:

Lemma (Quantified differential substitution principle)

Ifo EVI:Cf(i)y =0&H, then p = v =[Vi:C (i) :=0]v for all v.

Theorem (Quantified Differential Invariant)

H—[Vi: C (i) :==0]D(F) |
(D) F—[Vi:C f(iy = 0 & H]F s sound
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Vi:C 2x(i)® > 1 —[Vi: C x(i) = x(i)? + x(i)* + 2]Vi: C 2x(i)® > 1
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Vi: C 6x(i)?(x(i)? + x(i)* +2) >0
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@ Car Control Verification

André Platzer (CMU) VSWSS'12 89 / 120


http://symbolaris.com/

Logical Analysis of Hybrid Systems


http://symbolaris.com/

Driver's License Test for Robotic Cars? «

André Platzer (CMU) VSWSS'12 90 / 120


http://symbolaris.com/

Driver's License Test for Robotic Cars? «

André Platzer (CMU) VSWSS'12 90 / 120


http://symbolaris.com/

Car Control: Local Lane Control Challenge .

Challenge: Local lane dynamics

@ A car controller for a differential equation
respects separation of local lane.
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A —leader
........ - - ~follower|
1
'

Challenge: Local lane dynamics

@ A car controller for a differential equation
respects separation of local lane.

BRAKING / ACCELERATION

@ Follower car maintains safe distance to leader:

VELOCITY

t0 tl t2 t3 t4

POSITION

t0 tl t2 t3 t4
TIME
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—leader
........ - - ~follower|

>

Challenge: Local lane dynamics

@ A car controller for a differential equation
respects separation of local lane.

BRAKING / ACCELERATION

@ T ©
P
H
'

'
H
H
0
'
H
'
'
'

@ Follower car maintains safe distance to leader:

f<l— [(ai — Ctr/; XI{, = a;)*] f<gl

VELOCITY

f<l= (xr <x)AN(F#L) =

5 5 t0o tl t2 t3 t4
2b 2B

POSITION

/\X¢>Xf/\VfZO/\VgZO)

t0 tl t2 t3 t4
TIME
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Car Control: Local Lane Control Challenge

f<l—11c]f <t

Hybrid Program (Local lane control)

11c = (ctrl; dyn)*
ctrl =Lleen || fetrt;
by =(ag:=%; (—B < a < A))
feen = (ap =%, 7(—B < ar < —b))
U (7Safe6; ar:=x; (—-B<ar< A))
U (7(Vf—0) ar:=0)
V2
Safe. = x5 + 2_b + (g + 1) <§52 +€Vf) < xp+ == 2B
dyn=(t:=0; xf =vs, vi=ar, x,=v, vy=ap, t =1
&vi>0 A vy>0 A t<g)
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Challenge: Global lane dynamics

@ All controllers for arbitrarily many
differential equations respect
separation globally on lane.

André Platzer (CMU) VSWSS'12 93 / 120


http://symbolaris.com/

Car Control: Global Lane Control Challenge .

Challenge: Global lane dynamics

@ All controllers for arbitrarily many
differential equations respect
separation globally on lane.

@ Each car safe behind all others
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Car Control: Global Lane Control Challenge .

Challenge: Global lane dynamics

@ All controllers for arbitrarily many
differential equations respect
separation globally on lane.

@ Each car safe behind all others

[(Vi a(i) := ctrl; Vix(i)" = a(i))*]Vi,ji < j
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Car Control: Global Lane Control Challenge .

Vi:C i< l(i)— [gle](Vi: C i< (i)

Quantified Hybrid Program (Global lane control)

glc =(ctrl™; dyn")*
ctrl” =Vi: C (ctrl(i))
ctrl(i) = (a(i) == 7(—B < a(i)
U (?Safe.(i); a(i):=
U (2(vli) = 0) a(i)

5
Safe.(i) = x(i) + ( )2 + (b -- 1): (;‘52 —l—ev(i)) < x(£(i)) +

dyn" =t:=0; V/.C(dyn() t'=1&v(i)>0At<e)

dyn(i) = x(i) = v(i), v(i) = a(i)
i< (i) =lk:=1i; (k:==0(k))"]i < k

v(£(i))?
2B
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Quantified Hybrid Program (Global lane control)
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Challenge: Local highway dynamics

@ All controllers for arbitrarily many
differential equations respect
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Car Control: Local Highway Control Challenge

Challenge: Local highway dynamics

@ All controllers for arbitrarily many
differential equations respect
separation locally on highway.

@ For each lane: all controllers for the
differential equations respect
separation even if cars appear or
disappear.

@ Each car safe behind all others, even if
new cars appear or disappear.

[(n:=new C; Via(i):= ctrl;, Yix(i)" = a(i))|Vi,ji < j
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Car Control: Local Highway Control Challenge

Vi:C i< l(i)— [gle](Vi: C i< (i)

Quantified Hybrid Program (Local highway control)

lhc
create

(n:= new)

F(n)<n =

delete

(delete®; create™; ctrl”; dyn")*
n:=new; 7(F(n) < nAn < {(n))
n:=x; 7(E(n) =0); E(n):=1
Vji:C((y)=n—j<n)

n:=x; ?7(E(n) =1); E(n):=0
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Challenge: Global highway dynamics

@ All controllers for arbitrarily
many differential equations
respect separation globally on
highway.
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Challenge: Global highway dynamics

@ All controllers for arbitrarily
many differential equations
respect separation globally on
highway.

@ All controllers for the differential
equations respect separation
even if cars switch lanes.
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Challenge: Global highway dynamics

@ All controllers for arbitrarily
many differential equations
respect separation globally on
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Car Control: Global Highway Control Challenge

Challenge: Global highway dynamics

@ All controllers for arbitrarily
many differential equations
respect separation globally on
highway.

@ All controllers for the differential
equations respect separation
even if cars switch lanes.

@ On all lanes, all car safe behind
all others on their lanes, even if
cars switch lanes.
[V/ (n:=new C; Via(i):=ctrl; Vix(i)" = a(i))|VIVi,ji < j
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Car Control: Global Highway Control Challenge .

VI LVi: i< E/(I') —
[(VI: Ldelete]; Y1 : Lnew[;VI: Lctrl;¥I: Ldyn])*] VI : LVi: Gi < €/(i)

Quantified Hybrid Program (Global highway control)

ghc = (VI : Ldeletef; VI : LnewS; VI : L,ctrl; ¥I: Ldyn])*
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@ Stochastic Hybrid Systems
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Cyber-Physical Systems: Hybrid Systems

Q: | want to verify trains A: Hybrid systems

Challenge (Hybrid Systems)

@ Continuous dynamics
(differential equations)

@ Discrete dynamics
(control decisions)

z

2 . 6
25 5

1 — 20 4
5 15 3

2 4 10 2

1

-1 *‘ 05
¥ t ¥ t
-2 1 2 3 4 1 2 3 4

VSWSS'12 100 / 120

André Platzer (CMU)


http://symbolaris.com/

Cyber-Physical Systems: Hybrid Systems

Q: | want to verify trains A: Hybrid systems Q: But there’s uncertainties!

Challenge (Hybrid Systems)

@ Continuous dynamics
(differential equations)

@ Discrete dynamics
(control decisions)

z

2 . 6
25 5

1 — 20 4
5 15 3

2 4 10 2

1
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¥ t ¥ t
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Cyber-Physical Systems:

Q: | want to verify uncertain trains

Challenge
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Cyber-Physical Systems: Probabilistic Systems

Q: | want to verify uncertain trains A: Markov chains

Challenge (Probabilistic Systems)

@ Directed graph
(Countable state space)

o Weighted edges
(Transition probabilities)
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Cyber-Physical Systems: Probabilistic Systems

Q: | want to verify uncertain trains A: Markov chains Q: But trains move!

Challenge (Probabilistic Systems)

@ Directed graph
(Countable state space)

o Weighted edges
(Transition probabilities)
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Cyber-Physical Systems:

Q: 1 want to verify uncertain systems

Challenge
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Cyber-Physical Systems: Stochastic Hybrid Systems

Q: I want to verify uncertain systems A: Stochastic hybrid systems

Challenge (Stochastic Hybrid Systems)

@ Continuous dynamics
(differential equations)

@ Discrete dynamics
(control decisions)

@ Stochastic dynamics
(uncertainty)
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Cyber-Physical Systems: Stochastic Hybrid Systems

Q: I want to verify uncertain systems A: Stochastic hybrid systems

Challenge (Stochastic Hybrid Systems)

@ Continuous dynamics
(differential equations)

@ Discrete dynamics

(control decisions)

@ Stochastic dynamics
(uncertainty)

v
@ Discrete stochastic
(lossy communication)
@ Continuous stochastic
(wind, track) | \ z
André Platzer (CMU) VSWSS'12 102 / 120


http://symbolaris.com/

Cyber-Physical Systems: Stochastic Hybrid Systems

Q: I want to verify uncertain systems A: Stochastic hybrid systems Q: How?

Challenge (Stochastic Hybrid Systems)

@ Continuous dynamics
(differential equations)

@ Discrete dynamics
(control decisions)

@ Stochastic dynamics
(uncertainty)

@ Discrete stochastic
(lossy communication)

@ Continuous stochastic
(wind, track)
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discrete stochastic

e
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Cyber-Physical Systems

discrete stochastic

e

continuous stochastic
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Cyber-Physical Systems

discrete stochastic

e

continuous stochastic
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Model for Stochastic Hybrid Systems .
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Model for Stochastic Hybrid Systems .

%a:: —b@%a::a+1
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Model for Stochastic Hybrid Systems

%a:: —b@%a::a+1

(dX = bdt + odW)
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Stochastic Differential Equations (SDE)

Definition (Ordinary differential equation (ODE))

PO _ b)) x(0) =0

| ¢ 4\’ Xo+t
O

dX; = b(X;)dt + o(Xe)dWe Xo=Z

1
02 04 6 038 L
. ! 08 1o !
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Stochastic Differential Equations (SDE)

Definition (Ordinary differential equation (ODE))
dx(t)

b(x(t)) x(0) = xo

dt
X
¢ 4\, Xo+t
c\7‘c\,c
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Stochastic Differential Equations (SDE)

Definition (Ordinary differential equation (ODE))

dx(t)
dt

b(x(t)) x(0) = xo

A Xo+t

=
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Brownian Motion is Extremely Complex

Definition (Brownian motion W = end of calculus)
QO Wp=0 (start at 0)
@ W; almost surely continuous
Q@ W — Ws~N(0,t—5s) (independent normal increments)

= a.s. continuous everywhere but nowhere differentiable
= a.s. unbounded variation, € FV, nonmonotonic on every interval
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Brownian Motion is Extremely Complex

= end of calculus)

Definition (Brownian motion W
(start at 0)

O Wo=0
@ W; almost surely continuous
Q@ W — Ws~N(0,t—5s) (independent normal increments)

= a.s. continuous everywhere but nowhere differentiable
= a.s. unbounded variation, € FV, nonmonotonic on every interval
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Stochastic Hybrid Programs: Syntax

Definition (Stochastic hybrid program «)

x:=0 (assignment)

X 1= % (random assignment) } jump & test
H (conditional execution)

dx = bdt + odW & H (SDE)

a; B (seq. composition)

Aa @ vp (convex combination) } algebra

a* (nondet. repetition)
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Stochastic Hybrid Program: Process Semantics ‘
: xj 1= f(x) C

xi = [F(x)]*

Definition (Stochastic hybrid program «: process semantics

A

xi=0=Y Y(w);=[61"") and Y; = Z (for j # i)
(xi = 9|)Z =0

X

Xt |f Xti - IIQ]]Z
and Xij = Z;for j# i
; t

®* —->0

André Platzer (CMU) VSWSS'12 108 / 120


http://symbolaris.com/

Stochastic Hybrid Program: Process Semantics ‘

Xj =%

xi ~U(0,1)

Definition (Stochastic hybrid program «: process semantics » )

xi=x=U0 U~ U(0,1) i.i.d. Fo-measurable
(xi :=*|)Z =0

if X ~U(0,1)

and X¢(z) = Z(z) for z # x
; t

oi—o->0
N

o

André Platzer (CMU)
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Stochastic Hybrid Program: Process Semantics ‘

H
on {Z = H}

Definition (Stochastic hybrid program «: process semantics » )

?H =27 on the event {Z = H}
(?H)* =0

no change on {Z = H}
otherwise not defined
1 t

André Platzer (CMU) VSWSS'12 108 / 120


http://symbolaris.com/

Stochastic Hybrid Program: Process Semantics ‘
dx = bdt + cdW & H
4 ; s X¢

Definition (Stochastic hybrid program «: process semantics » )
dx = bdt + odW & H solves dX = [b]*dt + [o]*dB:, Xo = Z
(dx = bdt + ocdW & H)* =inf{t >0 : X, & H}

T t
dx = bdt + cdW & H
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Stochastic Hybrid Program: Process Semantics ‘

Definition (Stochastic hybrid program «: process semantics » )

a onevent {U <A}
B onevent {U> A}

(Aa @ vB)* = Zy<r(a)? + Zusa(B)?with iid. U~ U(0,1), Fo-meas

Aa @ vp =IU§>\a+IU>>ﬁ = {
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Stochastic Hybrid Program: Process Semantics ‘

a; 8

(s
Za\sJﬁXt

Definition (Stochastic hybrid program «: process semantics » )

o f = {a on event {t < ()%}
"B onevent {t > (a)?}

(o B) = (a)? + (8)"

X
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Stochastic Hybrid Program: Process Semantics ‘

Definition (Stochastic hybrid program «: process semantics » )

o = a" on event {(a")? > t}

(o')? = Jim (a")?
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Stochastic Hybrid Program: Process Semantics ‘

Definition (Stochastic hybrid program «: process semantics » )
o = a" on event {(a")? > t}

N nnZ |
(™) nll)n;o(|a D monotone!
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Stochastic Differential Dynamic Logic SdL: Syntax

Definition (SdL term f)

F (primitive measurable function, e.g., characteristic Z4)
A +vg  (linear term)

Bf (scalar term for boolean term B)

(a)f (reachable)

Definition (SdL formula ¢)

o = f<g|f=g
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Stochastic Differential Dynamic Logic SdL: Semantics -

Definition (Measurable semantics)
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Stochastic Differential Dynamic Logic SdL: Semantics -

Definition (Measurable semantics)

[FI* = F{(2) i.e., [F]*(w) = FY(Z())
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Stochastic Differential Dynamic Logic SdL: Semantics -

Definition (Measurable semantics)
[F1° = F{(2) ie., [FI*(w) = F{(Z(w))
[\ +vel® = A1 +vlel”
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Definition (Measurable semantics)
[F1° = F{(2) ie., [FI*(w) = F{(Z(w))
[\ +vel® = A1 +vlel”
[Bf]* = [B]° * [f]” i.e., [B]°(«w) = [B]*(@)I[f]*(«)
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Definition (Measurable semantics)
[F1° = F{(2) ie., [FI*(w) = F{(Z(w))
[\ +vel® = A1 +vlel”
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Well-definedness of SdL Semantics «

Theorem (Measurable)

[F14 is a random variable (i.e., measurable) for any random variable Z and
SdC term f.
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Well-definedness of SdL Semantics «

Theorem (Measurable)

[F14 is a random variable (i.e., measurable) for any random variable Z and
SdC term f.

Corollary (Pushforward measure well-defined for Borel-measurable S)

S = P((If1*)71(9)) = P({fw € @ : []*(w) € $}) = P(If]* € )
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Proof Calculus: Stochastic Differential Dynamic Logic -
o
X = f(x)

xi = [F()1
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Proof Calculus: Stochastic Differential Dynamic Logic -
o
X = f(x)

xi = [F()1

7H
(PH)f = Hf @ on {X; £ H}
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Proof Calculus: Stochastic Differential Dynamic Logic -
o
X = f(x)

xi = [F()1
H

(PH)f = Hf @ on {X; £ H}

(@)(Af) = Me)f

()(Mf+rvg) < Ma)f+v{a)g
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Proof Calculus: Stochastic Differential Dynamic Logic -
o
X = f(x)

xi = [F()1
H
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Proof Calculus: Stochastic Differential Dynamic Logic -

a; B

(@ B)f < (a)(FU(B)F) )
X " u 5 Xt
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Proof Calculus: Stochastic Differential Dynamic Logic -

a; B

taU5Xt

*

()f < fE () f<f

André Platzer (CMU) VSWSS'12 113 / 120


http://symbolaris.com/

Proof Calculus: Stochastic Differential Dynamic Logic -

a; B
(a; B)f < (a)(fL(B)S) ()
X " u 5 Xt

= AP({a)f € 5)
+vP((B)f €S)

P((Aa & vB)f €5) °/ Vi
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Soundness «

Theorem (Soundness)

@ Rules are globally sound pathwise, i.e., f; < gi E f < g holds for each
initial Z pathwise for each w € Q

@ (@) is sound in distribution
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Soundness «

Theorem (Soundness)

@ Rules are globally sound pathwise, i.e., f; < gi E f < g holds for each
initial Z pathwise for each w € Q

@ (@) is sound in distribution

Theorem (Stochastic Differential Invariants)
Let A\ >0, ¢ € Cg(]Rd,R) compact support on H (e.g., H bounded)

()(H—=¢)<Ap H—¢$p>0 H—LF <0

P({a)(dx = bdt todW& g S N <p U
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Soundness «

Theorem (Stochastic Differential Invariants)

Let A >0, ¢ € C%(]Rd,R) compact support on H (e.g., H bounded)
()(H—=9¢)<Ap H—¢$p>0 H—LF <0

P({a)(dx = bdt todW& g S N <p U

Theorem (Dynkin for cadlag strong Markov X; and ¢ € CZ(R?,R))

EXf(Xe) = f(x) Frrgoo
t

Af() = limy EF(X.) = F(x)+ E* /0 AF(X.)ds
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Soundness «

Theorem (Stochastic Differential Invariants)

Let A\ >0, ¢ € Cg(]Rd,R) compact support on H (e.g., H bounded)
()(H—=9¢)<Ap H—¢$p>0 H—LF <0
P({a)(dx = bdt + cdW & HY¢p > \) < p

sound

Theorem (Dynkin for cadlag strong Markov X; and ¢ € CZ(R?,R))

Af(x) = lim BP0 = () Erces

lim ) Ef(X.) = f(x)+ E /0 AF(X.)ds

Theorem (Differential generator for SDE solution and ¢ € C2(R9, R))

.
Ap = L = bVF + 22V Vf
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Soundness «

Theorem (Stochastic Differential Invariants)

Let A\ >0, ¢ € Cg(]Rd,R) compact support on H (e.g., H bounded)
()(H—=9¢)<Ap H—¢$p>0 H—LF <0
P({a)(dx = bdt + cdW & HY¢p > \) < p

sound

Theorem (Dynkin for cadlag strong Markov X; and ¢ € CZ(R?,R))

AF() i lim BT = F0) g

00 " EXf(X;) = f(x)+E” /T AFf(Xs)ds

Theorem (Differential generator for SDE solution and ¢ € C2(R9, R))
0?f

f
Ap = Lo —be+—VVf—Zb 0 22 00T )ijz B

André Platzer (CMU) VSWSS'12 114 / 120


http://symbolaris.com/

Soundness «

Theorem (Stochastic Differential Invariants)

Let A\ >0, ¢ € Cg(]Rd,R) compact support on H (e.g., H bounded)
()(H—=9¢)<Ap H—¢$p>0 H—LF <0
P({a)(dx = bdt + cdW & HY¢p > \) < p

sound

Theorem (Dynkin for cadlag strong Markov X; and ¢ € CZ(R?,R))

i EXFOX) — () Errcoe
t\0 t

EF(X.) = F(x)+ E* /0 " AF(X.)ds

Ap(Xs) = Lp(Xs) <0on H = E*¢(X:) < d(x)V¥x, T
= PXas. EX(¢(Xe)|Fs) = EXp(Xe—s) < ¢(Xs)
= X; supermartingale
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Soundness «

Theorem (Stochastic Differential Invariants)

Let A\ >0, ¢ € Cg(]Rd,R) compact support on H (e.g., H bounded)
()(H—=9¢)<Ap H—¢$p>0 H—LF <0

P({a)(dx = bdt todW& g S N <p U

Theorem (Dynkin for cadlag strong Markov X; and ¢ € CZ(R?,R))

X — X
AF(x) = lim E°f (Xti flx) erge
t

EF(X.) = F(x)+ E* /0 " AF(X.)ds

Theorem (Doob maximal martingale ineq., cadlag supermartingale)

VFf>0,A>0 P<supf(Xt)2)\|]-"o> < w
>0
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Soundness «

Theorem (Stochastic Differential Invariants)

Let A\ >0, ¢ € Cg(]Rd,R) compact support on H (e.g., H bounded)
()(H—=9¢)<Ap H—¢$p>0 H—LF <0

P({a)(dx = bdt todW& g S N <p U

Theorem (Dynkin for cadlag strong Markov X; and ¢ € CZ(R?,R))

X — X
AF(x) = lim E°f (Xti flx) erge
t

EF(X.) = F(x)+ E* /0 " AF(X.)ds

Theorem (Doob maximal martingale ineq., cadlag supermartingale)
Ef(Xo) _ Ap

VFf>0,A>0 P<supf(Xt)2)\|]-"o> <

>0 AT A
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Proof Example ‘

(a)(H—= @) <Ap H—¢p>0 H—LF<O
P({a)(dx = bdt +odW & H)p > \) < p

(?x% 4 y? <3)(H—>¢) (H—>x2+y2§%)(x2+y2)§1*%
db=x>+y*>>0 with H=x>+y?><10

1 0 0 0? 0?
L¢:—(——¢—y—¢+y287(§—2xy A L ¢) 0

2 Ox dy Ox0y dy?

2 21 . X _ Y 2 2
P((?x* +y g§,dx_—Edt—ydW,dy_—Edt-i—xdW&H)x +y >1)
< (y7)

P((?x* + y? ;><dx = —gdt —ydW,dy = —%dt + xdW & H)x? +y? > 1

<

W[ =
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Outline Background ‘
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Image Computation ‘

Problem (Image Computation — generic)

Do transitions of system H reach bad state in B from an initial state in /7
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Image Computation .

Problem (Image Computation — generic)

Do transitions of system H reach bad state in B from an initial state in /7

uoneindwo)
a8ew|

Model Checking
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Image Computation: Continuous Systems

Problem (Image Computation — continuous transition)
Flow ¢ : [0,00) x R" — R" reaches state B, i.e., 3t,x0 : ¢(t,xp) € B?
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Image Computation: Continuous Systems

Problem (Image Computation — continuous transition)
Flow ¢ : [0,00) x R" — R" reaches state B, i.e., 3t,x0 : ¢(t,xp) € B?

Idea: Sample points
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Image Computation: Continuous Systems

Problem (Image Computation — continuous transition)
Flow ¢ : [0,00) x R" — R" reaches state B, i.e., 3t,x0 : ¢(t,xp) € B?

' [l
| | B 'l
. ]
. v )
A4 .
. .
h L \d
Idea: Sample points too many!
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Image Computation: Continuous Systems

Problem (Image Computation — continuous transition)
Flow ¢ : [0,00) x R" — R" reaches state B, i.e., 3t,x0 : ¢(t,xp) € B?

)

X1

Idea: Sample points & derivatives
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Image Computation: Continuous Systems

Problem (Image Computation — continuous transition)
Flow ¢ : [0,00) x R" — R" reaches state B, i.e., 3t,x0 : ¢(t,xp) € B?

5
L] []
| | B "
X1
Idea: Sample points & derivatives too many!
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Image Computation: Continuous Systems

Problem (Image Computation — continuous transition)
Flow ¢ : [0,00) x R" — R" reaches state B, i.e., 3t,x0 : ¢(t,xp) € B?

3:

X1

Idea: Sample points & derivatives 1&2
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Image Computation: Continuous Systems

Problem (Image Computation — continuous transition)
Flow ¢ : [0,00) x R" — R" reaches state B, i.e., 3t,x0 : ¢(t,xp) € B?

Y
-- ' L}
| | B "
X1
Idea: Sample points & derivatives 1&2 too many!
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Image Computation: Continuous Systems ‘

Problem (Image Computation — continuous transition)

Flow ¢ : [0,00) x R" — R" reaches state B, i.e., 3t,x0 : ¢(t,xp) € B?

Idea: Sample points & derivatives 1&2&3
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Image Computation: Continuous Systems ‘

Problem (Image Computation — continuous transition)

Flow ¢ : [0,00) x R" — R" reaches state B, i.e., 3t,x0 : ¢(t,xp) € B?

Idea: Sample points & derivatives 1&2&3 too many!
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Image Computation: Continuous Systems

Problem (Image Computation — continuous transition)
Flow ¢ : [0,00) x R" — R" reaches state B, i.e., 3t,x0 : ¢(t,xp) € B?

)

X1

Idea: Sample points & X curve & blow up to regions & ...
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Image Computation: Continuous Systems

Problem (Image Computation — continuous transition)
Flow ¢ : [0,00) x R" — R" reaches state B, i.e., 3t,x0 : ¢(t,xp) € B?

5
L] []
| | B "
X1
Idea: Sample points & X curve & blow up to regions & ... too many!

André Platzer (CMU) VSWSS'12 118 /
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Image Computation: Continuous Systems .

Problem (Image Computation — ODE transition)

Flow ¢ : [0,00) x R" — R" solving x’ = f(x) reaches state B?

X

X2
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Image Computation: Continuous Systems ‘

Problem (Image Computation — ODE transition)

Flow ¢ : [0,00) x R" — R" solving x’ = f(x) reaches state B?

X

X2

~
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Image Computation: Continuous Systems ‘

Problem (Image Computation — ODE transition)

Flow ¢ : [0,00) x R" — R" solving x’ = f(x) reaches state B?

X

X0
X2

~
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Image Computation: Continuous Systems ‘

Problem (Image Computation — ODE transition)

Flow ¢ : [0,00) x R" — R" solving x’ = f(x) reaches state B?

X

X0
X2

~
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Image Computation: Continuous Systems ‘

Problem (Image Computation — ODE transition)

Flow ¢ : [0,00) x R" — R" solving x’ = f(x) reaches state B?

X

X0
X2

~
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Image Computation: Continuous Systems ‘

Problem (Image Computation — ODE transition)

Flow ¢ : [0,00) x R" — R" solving x’ = f(x) reaches state B?

X

X0
X2

~
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Image Computation: Continuous Systems ‘

Problem (Image Computation — ODE transition)

Flow ¢ : [0,00) x R" — R" solving x’ = f(x) reaches state B?

X

X0
X2

~
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Image Computation: Continuous Systems ‘

Problem (Image Computation — ODE transition)

Flow ¢ : [0,00) x R" — R" solving x’ = f(x) reaches state B?

X

X0
X2

~

errors! too many!
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Numerical Image Computation .
LB

Numerical
R-Turing Machine

. ...~.".'
GR P(x)

André Platzer and Edmund M. Clarke.
The image computation problem in hybrid systems model checking.
HSCC, vol. 4416 of LNCS, 473-486. Springer, 2007.
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Numerical Image Computation .

Numerical
R-Turing Machine

~—
. y
S ¢'(x)

André Platzer and Edmund M. Clarke.
The image computation problem in hybrid systems model checking.
HSCC, vol. 4416 of LNCS, 473-486. Springer, 2007.
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Numerical Image Computation .

Proposition (Image computation undecidable numerically for. .. )

@ arbitrarily effective flow p € C k (D CR",R™); D, B effective

@ tolerate error € > 0 in decisions

André Platzer and Edmund M. Clarke.
The image computation problem in hybrid systems model checking.
HSCC, vol. 4416 of LNCS, 473-486. Springer, 2007.
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